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Foreword

I met Henri Anciaux in 2000, at a time when I was reading an interesting
paper where he solved partially a conjecture of Yong-Geun Oh. Since that
time I have followed his scientific development and I have observed his skills
to make his results more understandable by illustrating them with many
examples.

In my opinion this book is a consequence of his particular vision of
geometry. It also fills a long-standing gap, because many texts of pseudo-
Riemannian geometry make use of physics to approach their topics, which
sometimes implies that to learn basic concepts is a hard job for graduate
students.

The introduction to pseudo-Riemannian and pseudo-Kéahler geometries
is enjoyable and easy to follow. The treatment made by the author about
minimal, complex and Lagrangian submanifolds is clear and it will be useful
for young researchers interested in these topics. The great quantity of
examples not only helps to make clear the theory, but also allows an easier
comprehension and a pleasant approach to the topic.

F. Urbano
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Preface

About 1755, the Turinese mathematician Lagrange derived the differential
equation that a function satisfies when its graph minimizes the area among
all surfaces with the same boundary. This achievement may be considered
as the birth of the theory of minimal submanifolds, although Euler had dis-
covered a few years before the first non-planar example of minimal surface,
the catenoid. This is a surface of revolution (actually the only non-planar,
minimal one) which owes its name to the fact that its generating curve is the
catenary, the curve obtained by hanging freely a chain with uniform weight.
The next step was taken by Meusnier who gave a geometric characterization
of the minimal surface equation: the sum of the two principal curvatures
of the surface vanishes at any point. He also re-discovered the catenoid!
and did discover the helicoid, the surface made up by the trajectory of a
straight line subject to a helical motion.

Since then this subject has been enjoying an enduring —although not at
a constant rate— development until today. It has become an important one,
with connections not only with the analysis of partial differential equations,
but more surprisingly with complex analysis and even algebraic geometry,
and has received contributions of major mathematicians, such as Poisson,
Riemann, Weierstrass, Calabi... to name a few. While even some problems
regarding the original setting, i.e. two-dimensional surfaces in Euclidean
three-dimensional space, have proved hard to handle (to give an example,
it was proved only in 2005 that the only non-planar minimal surface of
Euclidean three-dimensional space which is embedded, complete and sim-
ply connected is the helicoid, see [Meeks, Rosenberg (2005)]), the theory
has been generalized in several directions: instead of surfaces of Euclidean
three-dimensional space, one can consider higher dimensional submanifolds,

1In those times free of ”publish or perish” ideology, successive discoveries were frequent.
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and replace the multi-dimensional Euclidean space by an arbitrary Rieman-
nian manifold. Ultimately, one may observe that the assumption that the
metric tensor is positive is unnecessary for most of the aspects of the topic,
and that it can be dropped: the most general framework in which to address
the study of minimal submanifolds is therefore that of pseudo-Riemannian
geometry2.

Although there is a huge literature on Riemannian geometry, and in par-
ticular on the theory of minimal submanifolds (without intending to be com-
plete, we refer to [Osserman (1969)], [Chen (1973)], [Spivak (1979)], [Nitsche
(1989)], [do Carmo (1992)], [Xin (2003)]), there are not many books about
pseudo-Riemannian geometry, and those we know are focused on global
analysis and/or physical applications rather than submanifold theory (see
[O'Neill (1983)], [Kriele (1999)], [Palomo, Romero (2006)], [Alekseevsky,
Baum (2008)]). The purpose of this book is twofold. We first give a basic
introduction to the theory of minimal submanifolds, set from the begin-
ning in the pseudo-Riemannian framework. This includes the important
first variation formula, i.e. the generalization of Meusnier observation stat-
ing that a minimal submanifold has vanishing mean curvature vector. Our
second aim is to present a selection of important results, ranging from clas-
sical ones, suitably generalized to the pseudo-Riemannian case (such as the
Weierstrass representation, the classification of ruled minimal surfaces and
the minimality of complex submanifolds) to more elaborate ones, includ-
ing the classification of equivariant minimal hypersurfaces and a detailed
study of Lagrangian submanifolds. It is hoped that this book, despite its
imperfections, will be useful for graduate and postgraduate students, and
researchers interested in this growing, exciting field.

The text is organized as follows: The first chapter provides a set of
definitions and facts about pseudo-Riemannian geometry and submanifold
theory, ending with the proof of the first variation formula. We only as-
sume from the reader some knowledge of basic manifold theory (includ-
ing the notion of vector fields, submanifolds, integration), but of course
some acquaintance with Riemannian geometry, or at least with the classi-
cal theory of curves and surfaces, will ease the reading of the whole book.
All the necessary material can be found, for example, in [Kiithnel (2000)],

2Minimal surfaces have also been introduced in two close but different fields, namely
in affine geometry and discrete geometry. Strictly speaking, these concepts are variants
(interesting ones!) and not generalizations of the classical one discussed here. We refer
the interested reader to [Simon (2000)] and [Bobenko, Schréder, Sullivan, Ziegler (2008)].
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[do Carmo (1976)], [do Carmo (1992)]. The second chapter is devoted to the
case of surfaces (two-dimensional submanifolds) in pseudo-Euclidean space.
We first describe a variety of examples and give a first global result: the
classification of ruled minimal surfaces. We also derive a generalized form
of the classical Weierstrass representation formulae, a very important tool
in the study of minimal surfaces. The third chapter is more technical: we
introduce the simplest examples of non-flat pseudo-Riemannian manifolds,
the space forms, and the notion of equivariant hypersurface. We classify
minimal hypersurfaces of pseudo-Euclidean space and of space forms which
are equivariant with respect to some natural group actions. The fourth
chapter forgets for a while the subject of submanifolds and is devoted to the
description of an important class of manifolds which enjoy a triple struc-
ture: pseudo-Riemannian, complex, and symplectic. Such manifolds are
called pseudo-Kdahler manifolds and generalize the concept of Kahler mani-
fold. We describe some examples, such as the complex counter-parts of the
space forms, and show that the tangent bundle of a pseudo-Kéahler manifold
is itself pseudo-Kahler. In the fifth chapter we come back to the core of
the subject, focusing on two special classes of submanifolds appearing in
pseudo-Kéahler geometry, the complex and the Lagrangian ones. It is easily
seen that a complex submanifold is always minimal, and the rest of the
chapter is devoted to the study of Lagrangian submanifolds. In particular,
equivariant minimal Lagrangian submanifolds of complex pseudo-Euclidean
space and of complex space forms are classified, with the method already
used in Chapter 3. The last chapter raises briefly the important question
of whether a minimal submanifold, which is, by definition, a critical point
of the volume, is actually an extremum of the volume functional, or not.
We give both necessary and sufficient conditions for this to happen.

The notations used throughout the text should be transparent to the
reader familiar with current mathematical textbooks. A word written in
italics is being defined in the statement in which it appears, and the ex-
pression A := B means that the mathematical quantity A is defined to be
equal to B. The symbol 0 marks the end of a proof.

Most of this book was written in Tralee, while I was a post doctoral
fellow of the SFI (Science Foundation of Ireland). I had the opportunity to
give two mini courses based on the material of this book. The first one, in
January 2009, took place at the Technische Universitat of Berlin, where I
benefited an Elie Cartan Scholarship (Stiftung Luftbriickendank), while the
second one was given in June 2010 at the Federal University of Sdo Carlos,
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thanks to the support of the FAPESP (Fomento de Amparo & Pesquisa do
Estado de Sao Paulo). T am grateful to both Mike Scherfner and Guillermo
Lobos for taking care of everything in Berlin and Sao Carlos respectively. I
warmly thank Kwong Lai Fun, from World Scientific Publishing, who has
supported me along the process of preparing and editing the manuscript.
I am also greatly indebted to Ildefonso Castro, Benoit Daniel, Brendan
Guilfoyle and Pascal Romon, all of them both colleagues and friends, who
carefully read earlier versions of this work and whose remarks reduced sig-
nificantly, I hope, the number of the typos and imprecisions of the final
text. I am honoured that Francisco Urbano kindly accepted to write the
foreword of this book and it is my pleasure to thank him. This book is
dedicated to my wife Marlene and my son Esteban.

H. Anciaux
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Chapter 1

Submanifolds in pseudo-Riemannian
geometry

1.1 Pseudo-Riemannian manifolds

1.1.1 Pseudo-Riemannian metrics

A pseudo-Riemannian structure on a differentiable manifold M is simply a
smooth, bilinear 2-form, called the metric, which is non-degenerate in the
following sense: given a tangent vector X at some point x,

if g(X,Y)=0,VY € T, M, then X =0.

If in addition the metric satisfies g(X, X') > 0 for any non-vanishing tangent
vector X, we say that the metric is positive, and that we have a Riemannian
structure. Hence Pseudo-Riemannian geometry is simply a generalization
of Riemannian geometry. A number of properties of positive metrics are no
longer true in the general case, such as Cauchy-Schwartz inequality.

Remark 1. The non-degeneracy assumption implies the following impor-
tant fact: given a tangent vector X in T, M, if we know the value of
g(X,Y),VY € T, M, then we can uniquely determine X.

In practice, we need only compute g(X, X;), where (X1, ..., X,,,) is a basis
of T, M: setting g;; = g(X;,X;),1 < 4,5 < m, the fact that the metric is
non-degenerate implies that the matrix [g;j]1<; j<m is invertible. Denoting
the coefficients of the inverse matrix by ¢ and writing X = > ;" A X,
we find that g(X, X;) = Y% Nig(Xi, X;) = >y Aigij- Multiplying by
g4, we get \j = Z;n:1 9“7 g(X, X;), hence

X =3 gig(X, X,)X.. (L1)

ij=1

A non-vanishing tangent vector X will be called
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- positive (or spacelike) if g(X,X) >0
- negative (or timelike) if g(X, X) < 0;
- null (or lightlike) if g(X, X) = 0.

These are the three possible causal characters of a vector. The terms
in parenthesis come from relativity, the theory which first made use of
pseudo-Riemannian geometry. More precisely the pseudo-Riemannian me-
tric (.,.)1 := —dz? + da3 + dr3 + da? was introduced on the space R?, as
a model of the space-time in special relativity!. In modern terms the pair
(R*,(.,.)1), sometimes written in abbreviated form R} or R*!, is called
the Minkowski space (this space and its generalizations will be described
in depth later on).

By Sylvester’s theorem, at any point « of M, there exists an orthonormal
basis (e1,...,em) of Tz M, in the sense that g(e;,e;) = 0 if i # j and
lg(ei,e;)] = 1 (we shall say that the e;s are unit vectors). Moreover, the
number p of vectors of the basis which are negative (and hence the number
m — p of those which are positive) does not depend of the basis, nor on
the point x. The pair (p,m — p) is called the signature of g. For example,
if the signature is (0,m), the metric is Riemannian; if neither p nor m — p
vanish, or equivalently if there exist null vectors, we say that the metric
is indefinite. The metric of Minkowski space has signature (1,3). More
generally, a pseudo-Riemannian manifold of signature (1,m — 1) is referred
to as a Lorentzian manifold. In the following, we shall set ¢; := g(e;, ;) = 1
or —1 whenever we speak of an orthonormal basis (e1, ..., €, ). Formula (1.1)
takes a much simpler form in the case of an orthonormal basis:

X =) eg(X,eiei. (1.2)

i=1

The non-degeneracy assumption of the metric allows to define the im-
portant concept of the trace of a bilinear form with respect to g. Let b
be a bilinear form (possibly degenerate) on T, M, valued on any vector
space F. Given a basis (X1, ..., X;n) of T, M, we claim that the quantity
>ii=1 970(X;, X;) € F depends only on g and b, not on the choice of
the basis: if (Y1, ..., Ys,) is another basis of TM, there exist real constants
aij,1 <i,j <n such that ¥; = > ;" a;xXg. Thus we have b(Y;,Y;) =
Z;’?lzlaikajlh(Xi,Xj). On the other hand, setting g;; := ¢(V;,Y;), we

check that g = a*allg", where [a*] is the inverse matrix of [a;x].

1Soon after, the theory of general relativity replaced this model by a more general
pseudo-Riemannian manifold, thus triggering broad interest in the subject.
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Therefore,

m

fjg”b(n,Y Z *b(Xk, X1).

i,j=1 =1

Hence, the next definition makes sense:

Definition 1. The trace of a bilinear form b with respect to g is the quantity
m
() = > g7b(Xi, X,).
i,j=1

Remark 2. Given an orthonormal basis (eq, ..., €,,), we have

tr(b) = Zeib(ei, e:).

1.1.2 Structures induced by the metric

A metric is a very rich structure, in the sense that it induces several other
structures in a canonical way. In the following we are going to review them
quickly. We refer to [Kriele (1999)] or [O’Neill (1983)] for further details.

1.1.2.1  Volume

A pseudo-Riemannian structure induces a volume structure, that is a n-
density dV defined by

AV (X1, .o Xin) = | det([9(Xi, X)1<ig<m)|/?,

where (X7, ..., X,,) are m tangent vectors to M at the point x. In particular,
we may define the volume (possibly infinite) of the manifold M, simply by
integrating dV on it:

Vol(M) := /M dv.

1.1.2.2 The Levi-Civita connection

The differentiable structure of M allows to define the differentiation of a
real function f in the direction of a tangent vector X € T, M, denoted by

X(f)(x) or dfz(X): we set
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where y(t), t € I is a parametrized curve a curve 7(t), such that v(0) = x
and 7'(0) = X. To be rigorous, we should check that this definition does
not depend on the choice of the curve v but only on the vector X, i.e. that
if 3(0) = 7(0) and 5'(0) = +/(0), then & F(3(1)],_y = & F(3(1))],_, . This
easy task is left to the reader.

An affine connection D or covariant derivative on M is, roughly speak-
ing, a "way of differentiate a vector field” Y of M along a parametrized
curve 7(t). The result is again a vector field defined along the curve. As
in the case of the differentiation of real functions, this quantity does not
actually depend on the curve «y, but rather on its velocity +'(t). We therefore
denote it by DxY, where X = +/(t). Of course the expression DxY makes
sense if X and Y are two vector fields defined on an open subset of M, the
result being itself a vector field. We require furthermore that D satisfies
the two following rules:

Dx(fY) = fDxY + X(f)Y,
DixY = fDxY,

where f is a real function on M.

A parametrized curve ~y(t) is said to be a geodesic with respect to the
connection D if D./y'(t) = 0,Vt € I. Writing this equation in a local
system of coordinates and using the theorem of existence for second order
systems of ordinary differential equations, we get the local existence of
geodesics: given a point z € M and a tangent vector X € T, M, there
exists a real number ¢y and a unique geodesic t — v, x(t) defined on the
interval (—to,%o), such that v, x(0) = 2 and v, x(0) = X.

There are many different affine connections on an arbitrary differen-
tiable manifold, however the next result states that a pseudo-Riemannian
structure comes with a canonical one:

Theorem 1. There exists a unique affine connection D on a pseudo-
Riemannian manifold (M, g) satisfying

(i) D has no torsion, i.e.
DxY — DyX = [X,Y];
(ii) g is parallel with respect to D, i.e.
Z(9(X,)Y)) = g(DzX,Y) + g(X, DzY).

This unique connection is called the Levi-Civita connection of g.
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The proof of this result is based on a formula which is of interest on its own
right:

Lemma 1 (Koszul formula). Let g be a metric and D a connection sa-
tisfying conditions (i) and (ii) of the theorem above. Then, given a triple
(X,Y, Z) of vector fields, we have

29(DxY, Z) = X(9(Y, 2)) + Y (9(X, Z)) = Z(9(X,Y))
+g([X,Y],Z) —g([X, Z]7Y) —g([Y, Z]7X)

Proof. Just take the right hand side term of the formula, use properties (i)
and (ii) and do the obvious simplifications: one gets the left hand side term
of the formula. O

Proof of Theorem 1. We are going to give an explicit description of the
Levi-Civita connection in terms of the metric g. By Remark 1, it is suf-
ficient to define g(DxY, Z), for any triple (X,Y,Z) of vector fields. By
Koszul formula we have an expression of g(DxY, Z) depending only on the
metric (and on the differentiable structure via the bracket). Hence it de-
termines uniquely a connection D. We leave to the reader the tedious but
straightforward task of checking that the structure D defined in this way
satisfies all the required properties of a connection without torsion and that
it is parallel with respect to g. (I

Example 1. Let (R™, (.,.),) be the space of m-uples of real numbers, en-
dowed with the pseudo-Riemannian metric of signature (p, m—p) defined as
follows: given two tangent vectors X = (X1,...,X,,) and Y = (Y1, ..., Y),
we set

(X, V), =) XY,
i=1
where ¢, = —1 for p of the m indexes 7, and ¢, = —1 otherwise. We

shall write for brevity [X|2 := (X, X),,, although it may be a negative real
number. A concise notation for (.,.), is the following:

(c)p = zm: eidx?.
i=1

Most of the time (but not always), we shall set
e=—111<i<p and =1if p+1<i<m,
so that

p m
(dp=—> da}+ > da}.
i=1

i=p+1
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In the following, the pair (R™, (., .),) will be referred to as pseudo- Euclidean
space.

It is easy to check that the Levi-Civita connection of (.,.), is the flat
connection of R™, defined by

DxY(z) :=dY,(X),

i.e. the covariant derivative of the vector field Y in the direction X is simply
the differential of Y regarded as a map from R™ to R™, evaluated at X.
Observe that all the metrics (.,.)p,0 < p < m have the same Levi-Civita
connection, and in particular the same geodesics, which are the straight
lines.

Denoting by (x1,..., %) the rectangular coordinates of R™, the flat
connection satisfies Vg, 9,; = 0,V4,j. Although this is no longer true for an
arbitrary connection and arbitrary coordinates, the next lemma shows that
we can always find local coordinates in which the Levi-Civita connection of
a pseudo-Riemannian manifold ”looks flat”, at least at a given point (such
coordinates are called normal coordinates):

Lemma 2. Let (M, g) be a pseudo-Riemannian manifold. Then given a
point x € M and an orthonormal basis (e1, ..., ey) of Ty M, there exist local
coordinates (1, ...,Tm) 1 a neighbourhood of x such that Oy, (x) = €;,Vi
and Vg, O, (z) = 0,V4,].

Proof. The proof follows from the local existence of geodesics and from
the following formula

Yo, x(8) = Ya,x (1), (1.3)

where 7., x denotes the unique geodesic determined by the initial conditions
Yz,x(0) = x and v, y(0) = X. We define the ezponential map of M in x
by the expression exp,(X) := 7, x(1) (so in particular, exp,(0) = ).
Formula (1.3) and the smooth dependence of the geodesics with respect
to initial conditions implies that the exponential map is well defined in a
neighbourhood U of 0 in T, M and that it is a diffeomorphism onto its
image U’ := exp,(U). Since we are given an orthonormal basis (e, ..., em)
of T, M, R™ is itself diffeomorphic to T, M by the map (z1,...,2:) +—
>t wie;. The composition of these two diffeomorphisms defines therefore
a system of coordinates (1, ..., Z,,) on U’. Moreover, Formula (1.3) shows
that d(exp,)o = Id, which implies that 0, (x) = d(exp,)o(ei) = e;. To
conclude the proof, we use the fact that the coordinate curves v;(t) :=
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exp(te;) are geodesics, so that 0 = V,/(0)7{(0) = Vg, 0., (z). Analogously,
for i # j, the ”diagonal” curves 7;;(t) := exp(t(e; +€;)) being geodesics as
well, we have

0= 'y (0),-)/” (0)
= Vo, 00, (a) + 250, 00, (2) + Vi, 01, ()
= 2V(‘311 awj (.’L’),

which completes the proof. ([
1.1.2.3  Curvature of a connection

Definition 2. Let D be any connection (not necessarily the Levi-Civita
connection) on a manifold M. The curvature tensor R of D is defined by

R(X,Y)Z = DyDxZ — DxDyZ + Dix y|Z.

Example 2. Let D be the flat connection on R™. Then a computation
shows that R(X,Y)Z = 0, VX,Y, Z. This is why this connection is called
flat.

In the case of the Levi-Civita connection of a metric, we can define some
quantities related both to the curvature tensor and to the metric. The most
important one is the following:

Definition 3. Let P be a non-degenerate, two-dimensional linear subspace
of the tangent space T, M. The sectional curvature of P is defined to be

g(R(X,Y)X,)Y)

KP) = X X)gv,v) —g(X. VP

where X and Y are two vectors spanning P (this quantity does not depend
on the choice of these vectors).

When the dimension of M is two, the unique sectional curvature that
can be defined at x is called the Gaussian curvature. In higher dimensions,
there are other important notions of curvature obtained as traces of the
tensor R: the Ricci curvature tensor and the scalar curvature. We refer
to the literature for more details on this important subject, for example
[Kriele (1999)], [do Carmo (1992)] (see also Exercises 1 of Chapter 3 and 6
of Chapter 4).



8 Minimal submanifolds in pseudo-Riemannian geometry
1.1.3 Calculus on a pseudo-Riemannian manifold

Definition 4. Let (M, g) be a pseudo-Riemannian manifold. Then

(i) the gradient Vu of a smooth real function v on M is the vector
field defined by the identity (see Remark 1):

g(Vu, X) = du(X), VX € TM;

(ii) the divergence divX of a smooth vector field X of M is the real
map defined by:

divX = tI‘((Xl,XQ) — g(VXlX, XQ)),

(iii) the Laplacian Au of a smooth real function u on M is the diver-
gence of its gradient:

Au = divVu.
A real function u such that Aw vanishes is said to be harmonic.

If (e1,...,em) is an orthonormal frame on (M, g), we have the following
expressions for the gradient and the divergence:

m

Vu = Z e;du(e;)e;,

i=1

divX = €g(Ve, X, €;).
i=1
The next theorem is a corollary of Stokes theorem, itself one of the most

important results of geometry (see [Spivak (1965)]):

Theorem 2 (Divergence theorem). If X is a vector field on an orien-
ted pseudo-Riemannian manifold (M, g) with boundary OM, then

/ divX dV = e / g(X,N)av,
M oM

where N denotes the outward, unit normal vector of OM and ¢ := g(N, N).
In particular, if OM is empty or if X|om vanishes, then

/ divX dV = 0.
M
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Proof. Since M is oriented, there exists an m-form © such that [ M AV =
S ©- Consider the (m — 1)-form w := X1 ©. On the one hand, one com-
putes that dw = div X ©. On the other hand, introduce a local, orthonor-
mal, positively oriented frame (e1, ..., €,,) of an open subset of M such that
emlom = N. Then (eq,...,em—1)lom is a local, orthonormal, positively
oriented frame of M. Therefore, using Formula 1.2,

w(el, ...,em_1)|3M = @(61, ---7em—1;X)|8M

=0 (elv ey €m—1, Z eig(X7 61)) |3./\/l

i=1
=eg(X,N)O(e1, ..., em)|oM-
Hence, by Stokes theorem,

/ diUXG):/ dw:/ w:e/ g(X,N)O. O
M M oM oM

In particular, making X = Vu in the divergence theorem, we obtain:

Corollary 1. Letu be a smooth function on a pseudo-Riemannian manifold
(M, g). If OM is empty or if Vulor vanishes, then fM Au dV = 0.

Another important consequence of the divergence theorem is the follow-
ing:
Corollary 2. Let u be a harmonic function on a compact, connected, Rie-

mannian manifold (M, g). Then u is constant.

Proof. We just apply the divergence formula with X = wVu. Since
div(uVu) = ulAu + g(Vu, Vu), it implies that [, g(Vu, Vu)dV vanishes.
Since the metric is positive, Vu must vanish, so u is constant. ([

1.2 Submanifolds

1.2.1 The tangent and the normal spaces

Submanifolds are higher dimensional analogs of curves. There are two dual
ways of describing a submanifold S of M of dimension n:

(i) As the image of an embedding, i.e. a differentiable map f from a
manifold S of dimension n into M, satisfying a suitable mazimal
rank condition (we say that f is an immersion) and such that
f:8 — 8 is a homeomorphism.
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(ii) As the pre-image of a submersion, i.e. as the level set of a dif-
ferentiable, R™ ™ "-valued map on M, also satisfying certain rank
condition.

Both viewpoints, which are equivalent by the fundamental theorem of dif-
ferential calculus, are useful. The first one proves that a submanifold enjoys
the structure of a manifold. In particular, it has tangent vectors. The se-
cond one shows that these (abstract) tangent vectors can be identified with
tangent vectors of M. More precisely, at some point = of S, the tangent
space TS can be identified with a linear subspace of T, M.

It is worth noting that the assumption that f is a homeomorphism onto
its image is not necessary for most of the definitions and theorems of the
theory of submanifolds. This suggests to define an immersed submanifold
S as being simply the image of a differentiable manifold S by an immersion
f. In this case, there may exist two distinct points 1 and 22 of S with the
same image x = f(Z1) = f(Z2). In particular, the set of tangent vectors to
S at z is no longer a linear space if dfz, # dfz,. On the other hand, if f is
an immersion, every point & of S enjoys a neighbourhood U such that f|y
is an embedding. In general, the image of an immersion may be a rather
"bad” set of points (we shall see some examples later). We shall say that
an immersion f : & — M is proper if the pre-image of a relatively compact
open subset of M is a relatively compact subset of S.

From the fact that T, € T, M,Vx € S, follows that we can define
the restriction (denoted g|s or simply g if no confusion is possible) of g to
S, traditionally called the induced metric (or first fundamental form). If
S is defined as the image of an immersion f : S — M, we can also pull
back the metric g on the abstract manifold S. Geometrically this makes no
difference and in particular Vol(S) = Vol(S), but the second viewpoint is
sometimes useful technically.

The restriction of g to S may be degenerate (for example, a curve whose
velocity vectors are null). In the following, we shall almost always assume
that it is not the case. In this case we shall say that S is a non-degenerate
submanifold (some authors write pseudo-Riemannian submanifold). This
assumption insures the pleasant fact that the normal space NS of S in p,
defined to be the orthogonal of TS, i.e.

N,S = (T,S)* = {X e T,M| g(X,Y) =0,VY € T, S},
makes a direct sum with 7T, S:
.M =T,S & N,S.
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The dimension of N,S, i.e. the integer number m — n, is called the co-
dimension of §. Given a vector X of T, M, we shall write the corresponding
decomposition as X = X T + X+ with X7 € T,S and X+ € N,S.

1.2.2 Intrinsic and extrinsic structures of a
submanifold

Let S be a non-degenerate submanifold of (M, g). Recall that the restriction
of g to § induces a pseudo-Riemannian structure on S. We have then a
priori two natural connections on S:

(i) The Levi-Civita connection of the induced metric g|s;

(ii) The ”restriction” to S of D, i.e. given two tangent vector fields
X and Y, the tangential part of DxY. Again this is an intuitive
statement whose proof is far from obvious: given two vector fields
X and Y defined on §, DxY is actually meaningless; we must
consider extensions X and Y of X and Y to M and show that the
tangential part of D XY‘ ¢ does not depend on a particular choice
of extension. We should also prove that the resulting object is
actually a connection. We shall admit these facts and refer to the
literature, for example [O’Neill (1983)], [Kriele (1999)].

It turns out that these two connections are the same one. In the following,
we shall denote by V this connection. Of great interest is also the normal
part of the restriction of D to §. It is called second fundamental form of
S and denoted by h. We can summarize this proposition-and-definition by
the so-called Gauss formula:

DxY = (DxY)" +(DxY)" = VxY + h(X,Y).

Proposition 1. h is symmetric and tensorial, i.e. h(X (z),Y (z)) depends
only on the values of X andY at x.

Proof. Let X and Y be two tangent vector fields, and X and Y be two
extensions of them to M. Then [X,Y]|s = [X, Y] is tangent to S. It follows
that

0=[X,Y]* = (DxY)" = (DyX)* =h(X,Y) - h(Y, X),

so that h is symmetric. We know that (VxY')(x), although it depends on
the value of Y on a neighbourhood of x, depends only on the value of X
at the point x. By the symmetry just proved, this implies that h(X,Y) is
tensorial. (]
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We may also differentiate a normal vector field £ in the direction of a
tangent vector and split the result into its tangential and normal parts (this
is the Weingarten formula):

Dxé = (Dx&)" + (Dx&)" == —AcX + V&

The linear endomorphism of X +— A¢X is called shape operator.

Proposition 2. The shape operator A¢X is tensorial, i.e. it depends only
on the values of X and & at x. It is moreover self-adjoint with respect to the
induced metric, i.e. g(A:X,Y) = g(X, A¢Y). Finally, given X|Y € T, S
and & € N,S, we have the following relation between the shape operator
and the second fundamental form:

9(AeX,Y) = g(h(X,Y),$). (1.4)

Proof. We start by differentiating the identity 0 = ¢(Y,€) in the direction
of the vector X:

0=g(DxY,&) +9(Y, Dx§) = g(h(X,Y),£) + g(¥, —AeX)

which gives Equation (1.4). Then the bilinearity, symmetry and tensoria-
lity of the second fundamental form (Proposition 1) imply respectively the
linearity, self-adjoint property and tensoriality of the shape operator A¢. [

The next proposition, whose easy proof is ommited, describes the nor-
mal part of Dx¢&:

Proposition 3. The operator (Dx &)+ := V%£ is a connection, called the
normal connection of S, i.e. it is pointwise linear and satisfies the following
property (Leibniz rule):

Vx(f€) = fVxE+ X (f)E.

Moreover, g is parallel with respect to V*, i.e.
X(9(&v) = 9(Vx&v) +g(§, Vxv).

We come back to the study of the shape operator. Taking into account
the assumption that the induced metric is non-degenerate, Equation (1.4)
shows that the second fundamental form and the shape operator carry
exactly the same information. This is sometimes call the extrinsic geometry
of §, in the sense that it depends not only on the induced metric on S
(which carries the intrinsic geometry of S), but really on how S is ”placed”,
or "embedded” in M. In this regard, the word ”shape operator” is quite
evocative.
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Given a normal vector &, a tangent vector X is said to be a principal
direction of § with respect to € if it is an eigenvector of the shape operator
Ag, i.e. there exists a constant x such that A¢X = xX. The constant & is
then called a principal curvature of S. If the induced metric on S is definite,
it is a classical result of algebra that A is diagonalisable with respect to
g, i.e. there exists an orthonormal basis (e, ..., e,) of TS of eigenvectors.
Unfortunately, this pleasant fact no longer holds true if the induced metric
is indefinite (see Exercise 4, Chapter 2).

Definition 5. A non-degenerate submanifold whose second fundamental
form vanishes identically is called totally geodesic.

Proposition 4. The totally geodesic submanifolds of the pseudo-Fuclidean
space R™ equipped with the flat metric (., .), (see Example 1) are the open
subsets of its (non-degenerate) linear subspaces. In particular, they are the
same, independent of the signature (p,m — p).

Proof. Let x denote a point of a totally geodesic submanifold S of
(R™,{.,.)p) and (ey, ..., e,) an orthonormal basis of T,,S. We also denote by
(N1, ..., Ny—p) an orthonormal basis of N, S. Then there exists a neighbour-
hood U of z in S which is a graph, i.e. there exists amap F = (F!,..., F™™")
from an open subset V' of R™ into R™™" such that U is parametrized by

f(S) = f(slv 7sn) = Zsieq; + Z Fk(S)N
=1 k=1
It follows that the set of vector fields X; defined by
8Fk

i =

is a tangent frame to S. Also the set of Vector fields & defined by
" OFF
8

is a normal frame to S. We have seen in Example 1 that the covariant

differentiation for the Levi-Civita connection D of (.,.), amounts to the
usual differentiation of R™. Hence

82Fk
Dx X = 8516% Z 8516%

hi=—) ——e;i+ Ny

and
0?FF
881' 88j '

(hij, &k)p = (Dx, X;) ", Ek)p =
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The submanifold § is totally geodesic if and only if h;; vanishes, Vi, j,
hence if and only if (h;;, k), vanishes Vi, j, k. We conclude that S is totally
geodesic if and only if the maps F* are linear, so S is a linear subspace. (]

Rather than the vanishing of the whole second fundamental form, we
shall be interested in the vanishing of some ”"part” of it, namely its trace.
This leads us the most important definition of this book:

Definition 6. The trace of the second fundamental form h with respect
to the first fundamental form g divided by n is called the mean curvature
vector of § and is denoted by H.

It follows form the definition that, given an orthonormal basis (eq, ..., ep)
of T,;S, the following formula holds:

n

~ 1
H(z) = - ihe;, e;).
(©) = 5 Leihlene
Corollary 3. The mean curvature vector of a totally geodesic submanifold

vanishes identically.

The following proposition shows that rescaling a metric has no effect in the
set of minimal submanifolds of a manifold. This observation will be useful
in Chapter 3.

Proposition 5. Let (M, g) be a pseudo-Riemannian manifold. For real,
non-vanishing X\, define the rescaled metric g\ := Ag. Then the Levi-Civita
connection of g is the same than that of g. Moreover the mean curva-
ture vectors of a mon-degenerate submanifold S with respect to g and g
respectively are given by

H» = \7LHY.

Proof. By the Koszul formula (Lemma 1), we see that the Levi-Civita con-
nection of g, is the same as the one of g. On the other hand, the decompo-
sition TM = TS ® NS is the same for g and ¢* so the second fundamental
form of a submanifold does not change. Then it is straightforward to check
that the mean curvature vector changes by the rule H9 = \"1H9. O

1.2.3 One-dimensional submanifolds: Curves

The local pseudo-Riemannian geometry of curves is so simple that its study
does not deserve a whole chapter. On the other hand, curves will be fre-
quently used as an auxiliary tool in the study of special higher dimensional
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submanifolds, so we find it convenient to state here the most basic facts of
this regard.

1.2.3.1  Arc length

A parametrized curve (¢) from an interval I into a pseudo-Riemannian
manifold (M, g) is an immersion if and only if its velocity vector dy(%) :=
~'(t) does not vanish. We shall say that such a curve is regular. Moreover,
the induced metric on 7 is non-degenerate if and only if 7/(¢) is non-null. We
claim that if 4/(¢) is non-null, for all ¢ in I, we may reparametrize -, i.e. find
a diffeomorphism s : ¢ — s(t) such that |g (Ly(s), %7(5)” =1,Vse I
This new parameter s is called the arc length parameter.
The proof of the existence of the arc length parameter goes as follows:

given an arbitrary reparametrization s(t), we have

d dsd

at' " dtds "

g <%% %7) = (%)Qg (%7(8), %W(S)) :

The left hand side term does not vanish by the non-null assumption, hence
we look for a function s(t) such that

ds | (d_d
ar P\a"a’

in other words, the required s(t) is simply a primitive of the right hand side

so that

1/2

)

of this expression.

1.2.3.2  Curvature of a curve

The second fundamental form of a curve reduces to a single normal vector
field, sometimes called the acceleration of the curve:
h(v',7') = (Dyy) "

For sake of simplicity, we write v = D./v’. Assume that 7 is parametrized
by the arc length. Differentiating the identity g (%7, %’y) = 41, we get
that " is normal to the curve, hence h(v',v') = 7”. Assume furthermore
that 4" is not null. Therefore there exists a positive function x and a
unit vector field v normal to the curve such that 4 = xv. Observe that
K = |g(7”,ﬂ/”)|1/2. The positive function x is called the curvature of the
curve 7. In particular a curve with vanishing curvature is nothing but a
geodesic.
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1.2.3.3  Clurves in surfaces and the Frénet equations

In a two-dimensional manifold (a surface), curves enjoy a slightly different
notion of curvature: since the normal space to v at some point (s) is one-
dimensional, there exist exactly two unit normal vectors. Let us choose one
of them and denote it by v. For example, if the surface is oriented, one
may choose v in such a way that the orthonormal frame (v/,v) is positively
oriented. Then the whole information concerning the extrinsic curvature
of = is reduced to a scalar function, the shape operator A, being a linear
endomorphism of a one-dimensional linear space. We define the (signed)
curvature function of v with respect to v to be the function « satisfying the
identity A,y = k7. Observe that x may be negative and that replacing the
unit vector v by —v results in replacing x by —«. The notion of signed cur-
vature, specific to dimension two, captures more information on the curve
~ than does the curvature defined in the section above. More precisely,
setting & := |g(7”,ﬂy”)|1/2 , the following expression holds: |k| = &. To see
this, we differentiate the identity g(7’, ) = 0 with respect to the arc length
parameter, getting that g(v",v) = —g(+',v') = kg(y','). Setting € :=
g(v,v)g(v',7"), it follows that v = exv, so |g(v”
the claimed expression. Observe furthermore that ¢ depends only on the

,¥")| = k2, which implies

signature of the metric on the surface, and not on the causal character of ~.
We have obtained also the Frénet equations, which we shall use several

" = exv
{1/’ = —rr'.
The fundamental theorem of existence of solutions of ordinary equations
implies that given a real function s defined on some real interval I contain-
ing 0 and initial conditions (z, X), with € M, X € T, M, there exists
a unique curve vy defined on a subinterval J of I contained 0 such that

times along this book:

~4(0) = z and +'(0) = X, and whose signed curvature is . In particular,
making x = 0, we recover the local existence of geodesics.

Remark 3. Some authors, for example [Kiihnel (2000)], define the signed
curvature to be the function defined by the identity? v/ = xv. Both de-
finitions are equivalent when ¢ = 1 (so in particular in the Riemannian
setting), but give the opposite number when € = —1. One advantage of our
choice is that it makes the curvature a principal curvature (the unique one,
of course) of v with respect to v.

1"

= KV
2In this case the Frénet equations become { Z/ r

= —eky.
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1.2.4 Submanifolds of co-dimension one: Hypersurfaces

When the co-dimension of a non-degenerate submanifold S is one (in this
case S is said to be a hypersurface), the structure of the extrinsic curvature
is simpler. Locally there always exists a unit normal vector field, i.e. such
that g(IV, N) = ¢, with € = 1 or —1 and then any normal vector £ is collinear
to N. Since we have & = eg(&, N)N, all the information concerning the
normal vector field ¢ is contained in the scalar function g(&, N). Observe
however that we first have to choose a unit vector field among the two
possible ones.

For this reason, when dealing with a hypersurface, the second funda-
mental form is not defined to be a vector-valued tensor, but rather a scalar-
valued one. Analogously, the mean curvature of a hypersurface refers usu-
ally to a scalar. However it is important to observe that both the second
fundamental form and the mean curvature (recall that the latter is the trace
of the former with respect to the first fundamental form) depend on the
choice of a unit normal vector. The relations between the mean curvature
vector H and the scalar mean curvature Hy with respect to the unit vector
N are the following:

H=eHyN Hy = g(H,N).
Moreover, the second fundamental form A will be defined by
hMX,Y) := g(DxY,N) = —g(DxN,Y),
and the Gauss equation becomes
DxY =VxY +ch(X,Y)N.

Finally, differentiating the equation g(N,N) = e shows that g(DxN, N)
vanishes, hence the Weingarten formula simplifies to

DxN =—-AnX.

Definition 7. A point x of a hypersurface S is said to be umbilic if the
shape operator is a multiple of the identity, or equivalently the second
fundamental form is proportional to the first one, i.e. there exists a constant
k such that

hX,Y)=rg(X,Y).

In particular, x is a principal curvature of S at  and all tangent vectors
are eigenvectors. A hypersurface is said to be totally umbilic if all its points
are umbilic.
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Of course if x vanishes, we fall back in the case of totally geodesic hyper-
surfaces. When the identity above holds, the mean curvature of S is of
course equal to k. In Chapter 3 we shall characterize the totally umbilic
hypersurfaces of some pseudo-Riemannian manifolds.

1.3 The variation formulae for the volume

1.3.1 Variation of a submanifold

We introduce now the concept of wariation of a submanifold, which is,
roughly speaking, a curve of submanifolds. More precisely, let f : S—M
be an immersion of an abstract manifold S. We consider a smooth map
F: 8 x (—tg,tg) — M with to > 0, such that F(z,0) = f(z). The vector
field X := %—f(x,O) is called the wvelocity vector of the variation. We also
make a technical requirement on F: we ask the variation (i) to fiz the
boundary, and (ii) to be compactly supported, i.e. there exists a relatively
compact open subset U of S such that U N &S = 0 and

F(z,t) = f(z), Yoz € S\ U.

This assumption implies that X is compactly supported, and that X and
all its derivatives vanish on dS.

The rank condition is an open condition, so the map f; : x — F(z,t)
is an immersion for ¢ small enough, and thus S; := f,(S) is an immersed
submanifold. Just as two different immersions may have the same image,
two different maps F' may lead to the same variation S;. However, the
normal part X+ of the vector field X depends only on the variation S;.
Hence it will not be a surprise that it appears in the first variation formula
(Theorem 4).

Definition 8. A non-degenerate submanifold S of a pseudo-Riemannian
manifold (M, g) is said to be minimal if its volume is critical with respect
to any variation S, i.e.

d

7 =0.

t=0

VOI(St)

If S is minimal, it is said to be stable if

d2
ﬁ VOl(St)

is monotone, i.e. positive or negative for all variation S;.

t=0
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We are following the tradition, coming from Lagrange, which imposed
the word minimal, although it is particularly misleading: a minimal sub-
manifold does not necessarily minimize the volume. The word stationary,
much better, is sometimes used, and even the word mazimal (because in
certain situations the submanifold actually mazimizes the volume). The
thing to keep in mind is that for us to be minimal means to be critical for
variations, i.e. the first order condition for a submanifold to be an extremum
of volume functional. Similarly, the stability is nothing but the second order
condition for a submanifold to be volume extremizing. We shall address
in the last chapter the question of whether a minimal submanifold is an
extremum (minimum or maximum) of the volume.

Theorem 3. A compact submanifold S of pseudo-Euclidean space (R™,
(-,.)p) is not minimal.

Proof. Let f : S — R™ a parametrization of S and define
F:8 x (—tg,tg) = R™
(z,t) = (L4 1).f ().
The compactness assumption insures that the variation F' satisfies the re-
quired conditions (i) and (ii). On the other hand an easy computation

shows that Vol(S;) = (1 4 ¢)"Vol(S), so that

d
EVOI(&/) = nVol(S) # 0. n

t=0

1.3.2 The first variation formula

Theorem 4 (First variation formula). Let S; be a variation of a non-
degenerate submanifold S of a pseudo-Riemannian manifold (M, g). Then
we have

d
EVOl (St )

= —/ g(nH, X)dV,
t=0 S
where X is the velocity vector of the variation S;.

Remark 4. This formula enjoys an elegant interpretation in the language
of functional analysis: assume for simplicity that S is compact and has
no boundary. Then the set 7 (S , M) of immersions of S into M enjoys a
(infinite dimensional) differentiable structure. A vector tangent to Z(S, M)
at f may be identified with a vector field along f(S) = S, and Z(S, M) is
endowed with the natural metric § defined by §(X,Y) := fs g(X,Y)dV. It
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turns out that the map Vol : Z(S, M) — R is smooth and the first variation
formula simply says that the gradient of Vol with respect to g is nothing
but —nH.

Corollary 4. A submanifold S is minimal if and only if it has vanishing
mean curvature vector.

It is interesting to observe that this corollary provides a pointwise (so in par-
ticular easy-to-check) condition, i.e. the vanishing mean curvature, which
is necessary for a global property to hold i.e. to minimize or to be critical
point of the volume functional; moreover, it relates the field of calculus of
variations (optimization of the volume) to the one of differential geometry
(vanishing of a geometric quantity, the mean curvature vector).

We shall need the following lemma for the proof of the first variation
formula:

Lemma 3. Let M(t), t € (—to,t0) be a smooth curve of n x n real (or
complex) invertible matrices. Then

4 det M (t)

. = det M (0) tr(M~1(0) M’ (0)).

t=0

Proof. Denoting by c1(t),...,c,(t) the columns of the matrix M (¢) and
using the multi-linearity of the determinant, we compute

d
= det[er (), .., en(t)]

- Zdet[cl(O), ROEA (1) I (1)) B

t
Next, by the non-vanishing determinant assumption, the columns vectors
(€1(0), ..., (0)) form a basis; we express the column vector ¢;(0) in this
basis:
n
c(0) = aije;(0)
j=1

and we deduce, using again the multilinearity of the determinant, that

d
@ det M(t
g det M)

= > aii det[c1(0), ..., ¢(0), ..., ¢ (0)]
= =1

t

= det M(0) f: ai; = det M (0) tr(M~1(0)M’(0)).
i=1
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Proof of Theorem 4. Let S; a variation of § and X its velocity vector field.
By the assumption that X is compactly supported, there exists ¢y such
that V¢, |t| < to, the map fy(z) := F(z,t) defines an immersion of S. In
particular, given ¢, |t| < to, we have a induced metric on S, denoted g;, and
a volume form denoted dV;. As two n-forms on a manifold of dimension
n are proportional, there exists a map v(z,t) on S x (—to,to) such that
dV; = v(z,t)dV, and therefore

d

)
- Vol(S,) Y

= [ —(z,0)dV.
t=0 S 6t( )

In order to calculate v, we introduce a local frame (eq, ..., e,) of S and we
ask that it is orthonormal for the metric gg (it is equivalent to say that
(df (e1),...,df (en)) is an orthonormal frame in (M, g) tangent to S). We
then introduce the matrix
M (t) := [g:(eir €5)h1<ij<n
and claim that v(x,t) = | det M (t)|*/2. In fact
dVi(er, ....en) = | detgi(ei, €5)]1<ij<n]
= | det M (t)|"/?
= |det M(t)]"/2dV (eq, ..., en).
We are now in position to compute the first variation formula: by Lemma 3,
and using the formula < |u|'/2 = 2\1{%’
Ov
ot
Since (eq, ...,ey) is orthonormal with respect to go, M ~1(0) = M(0) =
diag(ey, ..., €,), so that

ov 1 < d
a(%o) =3 ;61‘ Egt(eiaei)

(x,0) = %(det M(0))*tr(M~1(0)M’(0))| det M(0)|7%/2.

t=0

It remains to compute % gi(ei,e; This is a bit involved in the general

) |t:() :
case of an arbitrary pseudo-Riemannian manifold, so we first give a proof in

the simpler case where (M, g) is the pseudo-Euclidean space (R™, (.,.)p).

Flat case. From the Taylor expansion f;(z) = f(z) + tX(z) + o(t) we
have, recalling the definition of the flat connection given in Example 1,

dfi(e;) = df (e;) +tdX (e;) + o(t) = df (e;) +tDe; X + o(2),
so that
gi(ei,ei) = g(dfi(ei), dfi(ei)) = g(df (eq), df (ei)) + 29(df (€:), De, X) + o(2),
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and thus

=2g(e;, De, (X" + X 1))
t=0
= 2g(ei, De, X T) + 2g(es, De, X )
=2g(e;, Ve, X 1)+ 2g(e;, —Axre;).
Using Equation (1.4) of Section 1.2.2, it follows that

%(%0) = ZQ‘ (g(ei, Ve, XT)—g(X™, h(eiaei)))

i=1
=div(X") — g(X*,nH).

d
Egt(eia ei)

To conclude, we use the divergence theorem (Theorem 2) and the fact that
X vanishes on 98, to get:

= —/g(XL,nﬁ)dV:—/g(X,nﬁ)dV.
t=0 S

d
a VOI(St) s

General case. The idea of the proof is to use F' as an immersion when
possible, and to check that when it is not possible, the variation of the
volume is zero. We thus define the two open subsets U; := {z € S, X - (z) #
0} and Us := int{z € S, X *(x) = 0}. We thus have
EV0I(8,) = SVOI(fi(U1)) + VOl u(U2).

We first observe that the assumption X+ # 0 is equivalent to the fact that
F' is an immersion for ¢ small enough, say for t € (—t1,t1) C (—to,t0).
Therefore we can pull back the metric g and the vector fields ey, ..., e,, and
X to Uy x (—t1,t1). Moreover, using the fact that [X,e;] =0 at t = 0, we
have

Vxe; = Ve, X,
where we denote by V the Levi-Civita connection of Uy x (—t1,t1). It follows

that

=29(Vxese) =29(Ve, X, €))
t=0
= 29(?67:XT7 ei) + 2‘9(?6in7 ei)

=29(Ve, X 7€) +29(—Ax e, e).

d
ag(%ez‘)

At this stage we proceed exactly as in the flat case and we conclude that

:—/ g(Xl,nﬁ)dvz—/ g(X,nH)dV.
Ui

d
SVOl(f(U1) 5

t=0
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It remains to be seen that on Us, the variation of the volume is zero at the
first order. The reason for this is that, as X vanishes, the variation is
tangential and f; is, up to first order, a diffeomorphism of the submanifold
U, itself. Therefore its global volume remains constant (up to first order
again!). Hence

IVl =0,

t=0

and the proof is complete. 1

1.3.3 The second variation formula

Theorem 5 (Second variation formula). Let S; be a normal variation
of a minimal submanifold S of a pseudo-Riemannian manifold (M, g).
Then we have:

2

GVoIS)| = [ (o(VEXVEX) — gl Ax) + g(RH(X), X)) dV,
t=0 S
where
g(VEX, VX)) i=tr (Y1, Y2) — 9(Vy, X, Vy, X)),
g(AXaAX) =tr ((Ylvyé) = g(AXYhAX)/Q))v
and

RH(X) == tr ((V1,Y2) — R(Y1, X)Y2).

Remark 5. Given an orthonormal frame (eq, ..., e5,), we have the following
expressions for the quantities appearing in the formula above:

g(V X, VIX) =) €g(VEX, VX)),
i=1

g(Ax,Ax) = Zﬁlg (Axe;, Axe;),
=1

and

n
E R(e;, X
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Proof of Theorem 5. We have seen in the proof of Theorem 4 that there
is no variation of the volume on the set int{z € S, X+ (z) = 0}. We may
therefore assume without loss of generality that X~ (z) # 0. In particular,
F : 8 x (—ty,t;) is an immersion.

Lemma 4. We have
dgij
dt

= 26i€jg(h(€ia ej)a X),
t=0

where [g¥]1<i j<n denotes the inverse matriz of [gijli<ij<n =

[9(ei ej)l1<ij<n.

dgij
Proof. We first calculate —7* .
on S x (—t1,11), so that

o For this purpose, recall that [e;, X] =0

- g(vXeivej) +9(€iavxeg‘)
t=0

= g(vein ej) +g(6¢,ver)

= —g(Axes, e;) — glei, Axe;)

= —2g(h(es, e;), X).

Eg(ei’ ej)

To complete the proof of the lemma, we differentiate the identity
S e 9% g = §;; with respect to t, getting:

n
d ik dar.
Z g+ g™ 9kj \ _ 0,
dt dt
k=1
and evaluate the resulting expression at t = 0:
dg¥
dt

dgij

=0.
dt

t=0

€5+ €
t=0

Finally we obtain the claimed formula:
dg®
dt

dgij
IEAT

= 2¢;¢;9(h(ei, ej), X).

t=0 O

t=0

We now prove the second variation formula. Differentiating the first
variation formula

d -
—Vol(§;) = / g(nHy, X¢)dVs,
dt 5
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we get
@ ol(S) / 4 (i, X)av,
D) t = - BN iy t t
dt? t=0 s dt t=0
/d(nH X))  dvi /g(nﬁ X)ddV
- - ty t 0 — 0, 0) 5, t
5 dt =0 5 dt =0

Since ﬁo vanishes identically, the second term of the last the expression
above vanishes and it remains to calculate %g(nﬁ ,X) at t = 0. We are
working pointwise, so we may use Lemma 2 of Section 1.1.2 and assume
the existence of local coordinates (z1, ..., Z,,) in a neighbourdhood of a point
x such that 9, (z) = e;(x) and V,ej(x) = 0. It follows from the Gauss
formula that D.,e; = h(e;, e;) at the point . Hence, using the fact that X
is normal to S, we obtain, still working at the point x:

da nei) X
dtg( X dt?lgg (ei, €5), X)

dg¥ Iy d
:i; dt g(h(ei’ej)’X)+gjg<dtD€'e”X>

y dX
+g”g<h(eu€j), —)

dt
Observe that szzl g7 (h(ei, e), LX) = g(nH, 42X, so the last term in the

expression above vanishes at ¢t = 0. Therefore, using Lemma 4 and the fact
that [gY]1<; j<n = diag(e1, ..., €,) at t = 0, we get

g(nH,X)

dt o 2

=2 Z €€ (g(h(ei, ej), X))2 + Z Gig(DXDeieiaX)-
ij=1

We claim that the first term in the expression above is 2g(Ax, Ax). To see
this, we use the formula g(X,Y) = >"" | €;9(X, €;)g(Y, €;) to get

n

2 Z eiej(g(h(el,ej Z AXeZ,eJ))2
ij=1

ij=1

=2 eig(Axes, Axes)
i=1

= 2g(Ax,Ax).
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To compute the second term, we use the definition of the curvature of a
connection and again the fact that [e;, X] = 0, so that

DxD.,e; = —R(X,e;)e; + De,Dxe;

~R(X,e;)e; + De,De, X

—R(X,e;)e; + De, (— Axei + Vi X)

= —R(X7 e;)e; — Ve, (Axe;) + h(Axe;, e;)
- Avgjxez‘ + VéVéX

Hence, using again the fact that X is normal,
9(DxDe,ei, X) = —g(R(X, ei)e;, X) — g(h(Axei, e;), X) + g(VEVLEX, X)
= _g(R(Xa 61')61', X) - g(AXeia AXei) + g(ViVéX, X)

It follows that

Zel (Dx(De,e;), X)) = —g(R*X, X) — g(Ax, Ax)

n
+) eg(VLVEX X).
i=1
In order to give an intrinsic expression of the last term, we introduce
the real function u := 1¢(X,X) and compute, using again the fact that
Ve,; €j (33) = 07

= & (9(VEVEX, X) +g(Vo, X, VLX),

=1
hence
d .
E (TLH, ) ——g(RlX,X)—f—g(Ax,Ax)—&—AU—Q(VLX,VLX)
t=0

This expression is intrinsic, i.e. there is no more reference to the special
orthonormal frame (eq, ..., €5 ), so it holds at any point x of U. To conclude
the proof, it remains to use the corollary of the divergence theorem (Corol-
lary 1) with the function u, taking into account that the variation is local,
so that

d?

p 3 VOl(St)

:/ (9(V4 X VEX) 4 g(RMX,X) = g(Ax, Ax)) dV.
t=0 S
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1.4 Exercises

(1) Let S be a totally geodesic submanifold of a pseudo-Riemannian ma-
nifold (M, g) and v a regular curve contained S. Prove that v is a
geodesic of (M, g) if and only if it is a geodesic of S for the induced
metric.

Let S be a non-degenerate submanifold and fix a normal vector field &.
We recall that the shape operator A¢ is a linear endomorphism of 7,.S.
We define P to be its characteristic polynomial: Pg(\) = det(A¢—AId).
In particular, the roots of P: are the principal curvatures of Ag;

(i)
(i)

(iii)

(iv)

Prove that the coefficient of degree 1 of F is g(ﬁ ,€);

A non-degenerate submanifold is said to be austere if, for all £ €
NS, all the coefficients of odd degree of P: vanish. Prove that
a surface is austere if and only if it is minimal, that an austere
submanifold is minimal but that the converse is not true (hint:
many counter-examples may be found in Chapter 3);

Assume that Pr is diagonalisable. Prove that S is austere if and
only if the set of principal curvatures is invariant by multiplication
by —1, i.e. it is of the form

(a,—a,b,—b,....,c,—c,0,...,0)

(see [Harvey, Lawson (1982)]);

A non-degenerate hypersurface with unit normal vector IV is said
to be isoparametric if the coefficients of Py do not depend on the
point x. Prove that if S is an isoparametric hypersurface and Py
is diagonalisable, then all its principal curvatures are constant.
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Chapter 2

Minimal surfaces in pseudo-Euclidean
space

In this chapter, we address the study of submanifolds of dimension two, i.e.
surfaces, in pseudo-Euclidean space. Beyond the case of geodesics, this is
the simplest situation in which the general theory developed in Chapter 1
applies. We first see how the formula for the mean curvature vector sim-
plifies under the two assumptions that the dimension of the submanifold is
two and the ambient space is flat. We also show that a pseudo-Riemannian
surface admits special coordinates, called isothermic, in which the metric
takes a simple form. In Section 2.2 we write the partial differential equation
that must be satisfied by a function whose graph is a minimal surface in
three-dimensional space, and we discuss some examples. In Section 2.3 we
give a characterization of those minimal surfaces in pseudo-Euclidean space
which are made up of straight lines (ruled surfaces). The last section gives
a local description of all minimal surfaces of pseudo-Euclidean space.

2.1 Intrinsic geometry of surfaces

Let (s,t) be local coordinates on a surface ¥ and g a pseudo-Riemannian
metric on X. The causal character of the metric is determined by the sign
of the determinant det g = g11g22 — g3 of the metric:

(i) If det g = 0, the metric is degenerate on T'%; as we have said in Chap-
ter 1, we will not consider this situation; such surfaces are sometimes
called isotropic;

(ii) If det > 0, the induced metric is definite. If S is an immersed surface
of Minkowski three-space (R?, (., .)1), the metric is necessarily positive
and S is usually said to be spacelike;

29
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(iii) If det g < 0, the induced metric has signature (1,1) and is in particu-
lar indefinite. Surfaces of Minkowski space with indefinite metric are
often called Lorentzian or timelike, however the second terminology is
confusing: such a surface admits both timelike and spacelike tangent
vectors.

Next the coefficients of the inverse matrix of the first fundamental form are:

11 _ 922 12 _ _ 912
det g’ det g

It follows that the mean curvature vector has the following expression:

h11g22 + haag11 — 2hi12912
det g '

- 1
H=_

> (2.1)

If the first fundamental form takes a simple form, for example if gio
vanishes, the mean curvature vector becomes simpler to calculate. The
next theorem shows that it is always possible to consider local coordinates
such that not only g12 = 0, but also |g11]| = |g22|. This result will be useful
in Section 2.4 and in Chapter 5. We must however point out that this
result is abstract in nature and that in many situations (such as those of
Sections 2.2 and 2.3 for example), to write explicit isothermic coordinates
is not easy or of no help. The existence of isothermic coordinates should
be seen as the two-dimensional analog of the existence of an arc length
parameter for curves; there is in general no such kind of "nice” coordinates
in higher dimension.

Theorem 6. Let (X,g) be a pseudo-Riemannian surface (i.e. a pseudo-
Riemannian manifold of dimension two). Then in the neighbourhood of
any point there exists coordinates (s,t) which are isothermic, i.e.

gi1 =€g22 and g2 =0,

where € = 1 if the metric is definite and e = —1 if it is indefinite.

Proof. We only give a sketch of the proof, showing how this geometric
problem amounts to solving a Partial Differential Equation (PDE), whose
nature depends on the signature of the metric. It is interesting to observe
that the proof is somewhat easier in the indefinite case, where the underly-
ing equation is hyperbolic, than in the definite case, where an elliptic PDE
must me solved. This dichotomy between the definite and indefinite cases
will appear again in the study of minimal surfaces (see Section 2.4.3 at the
end of this chapter and Remark 24 of Chapter 5).
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Definite case:

Let r be a smooth function from an open subset U of ¥ and introduce
the metric go := €%"g. A computation shows that the Gaussian curvature
K9 (see Section 1.1.2.3) of ¥ with respect to gg is related to the curvature
K9 with respect to g by the formula

K% = e?"(K9 — Ayr).

It is known that the elliptic equation Agr = K9 admits local solutions.
It follows that we can choose the function r such that the metric go is
flat. There is no loss of generality in assuming that g is positive, hence
go is positive as well. It is then a classical result (see [do Carmo (1992)])
that a flat, positive surface is locally isometric to a piece of the Euclidean
plane, so that there exist local coordinates (s,t) such that gy = ds? + dt2.
Hence g = e=2"(ds® +dt?), i.e. (s, t) are local isothermic coordinates for the
metric g.

Indefinite case:

At any point x of ¥ there exists two independent null vectors, and since
the metric is smooth, it implies the existence of two null vector fields X
and Y in a neighbourhood of z. We claim that there exists vector fields X
and Y collinear to X and Y respectively, such that [f( , }7] = 0: to see this,

we set X = fX and Y = gY and compute

[fX,9Y] =V;ixgY — Vg fX
= f(gVxY + X(9)Y) +g(fVy X +Y(f)X)
= fglX, Y]+ X(9)Y = Y(f)X.

Writing the vanishing of [f X, gY] in the basis (X,Y") gives

{ Mg+Y(f)=0
pfg+ X(g) =0,

where A and p are the coefficient of [X, Y] in the basis (X,Y), i.e. [X,Y] =
AX + pY. This is a first order, hyperbolic system of partial differential
equations in terms of the unknown functions A and p, which admits local
solutions (see [Weinstein (1996)]). The condition [X,Y] = 0 means that
the flows of X and Y commute, i.e. there is a local system of coordinates
(u,v) such that 9, = X and 9, = Y. The coordinates (u,v) are called null
coordinates for obvious reasons. Once we have null coordinates, it is easy
to get isothermic coordinates: we set Z := X+Y and W := X -V, so that
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[Z,W] = 2[Y, X] =0 and we still have commuting flows. Calling (s,) the
resulting system of coordinates, we see that

9(95,05) = 9(2,Z) = 29(X,Y),
9(0:,00) = g(W, W) = —29(X,Y),
and
9(0s,0y) = g(Z,W) =0,
which completes the proof. Il

2.2 Graphs in Minkowski space

In this section we consider the space R?® with coordinates (1, x2,x3) and
metric
(., )1 = da? + da3 — dx3.

Here we deviate from the convention adopted in the rest of the book, where
the negative directions are put before the positive ones in the labeling
of the coordinates: it is visually more comfortable that the distinguished
direction, so here the negative one, be vertical. The simplest way to describe
a submanifold is as a graph of a function. Moreover, this can be done locally
without lost generality: at a neighbourhood of a point z, a submanifold S
can be described a graph on his tangent space T'S. We thus consider

S = {(x1, 22, u(z1,22)) € R*|(21,22) € U},

where U is an open subset of R? and u is smooth, real function on U. In
other words, S is the image of the immersion f(x1,z2) = (x1, 22, u(z1, z2)).
The first derivatives of f provide a basis (X7, X2) of tangent vectors to S:

Xl = fa:1 = (170auw1)a X2 = faiz = (O’ 17u932)'

Here and in the remainder of the book, we shall denote a partial derivative
by the corresponding variable put in index. The first fundamental form of
S is given by

2 2
g1 =1—ug, gi12 = —Ug Uz, and gaa =1—ug,
so we have
_ 2 2 _ 2
detg=1—wug, —uy, =1—|Vulg.

In particular S is spacelike (resp. Lorentzian, degenerate) if [Vu|2 < 1 (resp.
if [Vul2 > 1, |[Vul =1).



Minimal surfaces in pseudo-Euclidean space 33

We now assume that |Vu|2 # 1 and write down the condition of mini-
mality of S in terms of the function u. For this purpose we need to compute
the covariant derivatives of the tangent vectors to S:

DX1X1 = fa:1a:1 = (Ovoauwmn)’ -DX1‘XY2 = f931932 = (0,0,lexz),
DX2X2 = fa:zasz = (07 0, uwza:z)'

A surface in R? is a hypersurface, hence, as we discussed in Section 1.2.4
of Chapter 1, the second fundamental form is better seen as a scalar rather
that a vectorial quantity. A unit normal vector to S is given by

N = 1= Va2 "2 (gt 1).

: 1/2
Thus, setting W := |1 — [VulZ| /

mental form are
1
hll - _u1211217 h12 - _uzlrg a‘nd h22 - _u$2fE2'

w w w

Hence from Equation (2.1) we get

, the coefficients of the second funda-

1
H= §W73 (uailail (1 - ui) + uwzaiz(l - ugzcl) + 2“‘901932“931“932) .
In particular, the graph of the function u is minimal if and only if u satisfies:
Uz iz, (1 - ugzcg) + uwzwz(l - ugzcl) + 2u931902u901u902 = 0. (22)

This is a PDE which is non-linear but depends linearly on the second deriva-
tives. Such PDE is called quasi-linear. We will not discuss the general the-
ory of existence of solutions to this equation, but rather describe a couple
of special solutions. Of course, a function u with vanishing second deriva-
tives (an affine function) is solution of Equation (2.2). Although these are
not very exciting solutions, the resulting surfaces S being planes, they are
important because of the following uniqueness theorem, proved in [Calabi
(1968)]:

Theorem 7 (Calabi). Let u be a solution of Equation (2.2), on U = R?
(we say that the graph is entire) and such that |Vulo < 1 (hence S is
spacelike); then u is an affine function.

There is an analogous theorem (which actually predates Calabi’s) in the
case of the Riemannian metric (.,.)g = dz? + dz3 + dz2, and is known as
the Bernstein theorem. Both results admit generalizations to hypersurfaces
of higher dimensions, but surprisingly, not to any dimension in the Rieman-
nian case: there does exist minimal hypersurfaces in (R™, (., .)o) which are
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non affine graphs when m > 9 (see [Bombieri, De Giorgi, Giusti (1969)]).
The generalization of Calabi’s theorem is due to Calabi itself for m = 4
and to [Cheng, Yau (1976)] for higher dimension. We refer to [Nelli, Soret
(2005)] and the references therein for an account about the fascinating story
of the Bernstein problem in the Riemannian case.

The easiest way of finding at least one or more solutions to a complicated
PDE is often to look for solutions which have some symmetry. This reduces
the PDE to an ordinary differential equation (abbreviated to ODE) that
we hopefully are able to solve. For example, we shall seek a solution u of
(2.2) which is radial, i.e. which depends only on 7 := \/z% + z3. In other
words, the function u is constant on the circular arcs of U.

Fig. 2.1 The spacelike elliptic catenoid

Writing u(x1,22) = v o r(z1,z2) and taking into account that

T T2
Tp, = — Tpo = —
1 r Y 2 r Y

we have

Tl / T2 /
Uy, = —0, Uy, = — (2.3)
r
and
2 2

Ugyzy = rQU + TBU,

as well as analogous expressions for the other second derivatives. Then it
is not difficult to see that Equation (2.2) reduces to

v'(1 - (v')?) -0 (2.4)

'UI/ +
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The general solution of (2.4) takes two different forms, depending whether
[v'| is less or greater than 1 (we discard the solutions |[v/| = 1, whose
corresponding surfaces, the light cones {z3 = ++/2% + 23}, are degenerate).
Since |Vu| = [v/], the first type of solutions will provide a spacelike surface,
while the second type will give an indefinite surface. The first family of
solutions is v'(r) = (1 + (r/¢)?)~ /2, where ¢ is some non-vanishing, real
constant. It remains to integrate to find v(r) = esinh ™' (r/c) + co, where ¢o
is another constant. We argue that besides the existence of two constants
of integration, we have obtained essentially one surface: varying ¢ amounts
to a homothety of the surface centered at the origin of R?, while varying the
constant ¢y consists of translating the surface along the vertical coordinate
axis x3. We observe that the function wu fails to be differentiable at the
origin r = 0, since v/(0) = 1 and taking into account (2.3). More precisely,
the graph of u is asymptotic to the light cone {z3 = /2% + 23} at the
origin. In particular, this example shows that the assumption ”entire” in
Calabi’s theorem is necessary: we have just described a spacelike, minimal
graph on R? — {0}, which is however not affine. Because of the special form
of u = v(y/z% + z3), the corresponding graph S is foliated by horizontal
circles centered on the vertical coordinate axis, hence it is a surface of
revolution. In analogy with the similar surface of the Riemannian three-
space (cf Exercise 1), we call it spacelike elliptic catenoid® (the use of the
word elliptic will become clearer in a moment).

The second family of solutions of (2.4) is v'(r) = (1—(r/c)?)~'/2, where
¢ is some non-vanishing constant. Integrating, it gives v(r) = ¢sin™!(r/c)+
co, where c¢g is another constant. Again, the constants ¢ and ¢y correspond
respectively to homotheties and vertical translations of the surface. The
asymptotic behaviour of the corresponding function u. ., at the origin is
similar to the one of the first case, however, this solution exists only for

€ (0,¢). At r = ¢, the graph of u. ., becomes vertical and touches the
horizontal plane of equation x3 = ¢w/2 + ¢g. The reflection of w. ., about
this plane is the graph of —u¢ ¢r4¢,. The surface obtained taking the union
of the graphs of uc ., and —uccrte, is topologically a sphere punctured
with two singularities. We shall call it Lorentzian elliptic catenoid.

In the next chapter, not only we shall see how to obtain these two
surfaces in a more geometric way, but also generalize the construction to
higher dimension, and even to more general ambient spaces than the Eu-
clidean one.

1This surface is called catenoid of the first kind in [Kobayashi (1983)].
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Fig. 2.2 The Lorentzian elliptic catenoid

Analogously, we may seek a solution u which depends only on the ar-
gument of 2, + izo. Let U be a simply connected open subset of R? — {0}.
Then we may assign a unique value to the argument of any complex num-
ber x1 + iz, where (z1,22) € U. Denoting by arg(z; + iz2) this argument
function, we set u(x1,x2) = v o arg(x; + izxz) on U. Differentiating the
identity

Ty + iz = retAel@itiz)

we find that
. —T2 . €1
arg(zy + ix2)y = 2 and arg(xy + ixe)y, = o
Hence
—ZI2 1
Upy, = T—Qv/ and Ugpy = 7/._Q,U/. (25)
Next we get

2
ﬁ 17 23;‘1.732U,

uzlzl - ’]"4

rd

and analogous expressions for the other second derivatives. Finally, Equa-
tion (2.2) reduces to v = 0, so the solution we are looking for is

u(wy, z2) = carg(zy + iT2) + co,
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Fig. 2.3 The elliptic helicoid

where ¢ and ¢y are two real constants. We may assume that ¢ does not
vanish, since otherwise u is constant and the resulting surface is a horizontal
plane.

We see in particular that

2

Vul? = ——.
AR

It follows that the graph S of u has several causal characters: it is degene-
rate on the intersection with the vertical cylinder C := {z € R® 2? + 23 =
c?}, while it is spacelike (resp. indefinite) outside C' (resp. inside C). We
furthermore observe that S is the union of horizontal straight half lines:
the intersection of S with a horizontal plane of height 3 = u is simply the
half-ray of equation arg(z1 + iz2) = (u — ¢p)/c.

Of course, u cannot be extended to the whole R? — {0} as a single-valued
function, but we may do so as a multi-valued one: we consider all the points
(1,22, z3) of R? such that 3 is any possible argument of (u—¢g)/c. Hence
we get a surface which is invariant by the vertical translation (z1, a2, z3) —
(x1,x9,x3+27). However we are not quite satisfied with the surface we have
obtained in this way, since it is not complete: its boundary is the vertical
axis {x1 = 0,22 = 0}. This suggests to consider the reflection of the surface
about this axis, which is actually the same surface translated by a vertical
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translation (z1, 2, x3) — (x1, 22,23 + 7). The surface obtained by taking
the union of the original one with it reflection is made of horizontal lines
and is classically called helicoid. We rather nickname it elliptic helicoid,
since we shall meet another kind of helicoid in a moment. The importance
of this last example is highlighted by a recent result of [Ferndndez, Lopez
(2010)] claiming that the spacelike part of the elliptic helicoid is the only
spacelike minimal surface satisfying certain natural assumptions. This is
thus an indefinite counterpart of the theorem of [Meeks, Rosenberg (2005)].

Although spacelike surfaces are always graphs over the horizontal co-
ordinate plane, this is not necessarily so for an indefinite surface. Hence
we now turn our attention to the case of a surface which is a graph over
the vertical coordinate plane {z € R3 z = 0}, i.e. it is parametrized by
f(xo,x3) = (u(we, x3), 22, 23), where u is again a smooth, real function on
some open subset of R?. The first derivatives of f are

Jus = (Us,,1,0) and  fr, = (ugs,0,1).
Hence the first fundamental form is given by
g1 =ul, +1, G12 = UgyUs,, and  goo =ul, — 1,
so we have
—1=—|Vulf - 1.

_ 2 2
detg = ug, —ug,

Here |.|? denotes the squared norm of the indefinite metric (.,.); = da3 —
dz3, which is the induced metric on the plane {z € R? 2, = 0}. We deduce
that S is spacelike (resp. Lorentzian, degenerate) if |Vu|? < —1 (resp. if
|Vul2 > -1, |[Vul? = —1).

Assume now that |[Vu|? # —1. The second derivatives of f are

faszs = (Uzpas, 0,0), frows = (Uaa5,0,0) and  friey = (Uagas, 0,0),

and a unit normal vector to S is given by
—1/2
N= |1+|VU|%‘ / (17um27ur3)

so, setting W := |1 + |Vu|ﬂ1/2, we have, by Equation (2.1):

1
H = §W_3 (urgfcg (uig - 1) + Uzgas (uig + 1) - 2ur2$3u$2u$3)
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and the graph of the function w is minimal if and only if u satisfies:
Uy (ui3 — 1) + Ugyag (u?c2 + 1) — 2UpppyUspy Uy, = 0. (2.6)

Again, we see that affine functions provide easy but uninteresting solutions
of Equation (2.6) (trivial solutions), but we will find more interesting ones.
Set U := {(xq,23) € R? 23 — 22 # 0} and look for a solution of the form
u(z2,x3) = vor(wy,x3), where r = ey/|x3 — z3|. Observe that the level
sets of the function r are the hyperbolas which should be regarded as the
Lorentzian analogs of the circles » = /2% + 23 considered before, since
they are curves of constant curvature for the metric dz3 — d3.

Fig. 2.4 The spacelike hyperbolic catenoid

We now compute the first derivatives of u = v o r: taking into account
that

T2 z3
Tyy = €E— Ty = —€—
2 r 3 r ?
.1)2—1)2
where we have set € := ﬁ, we have
2 3
T2 xr3 ,
Ugy = €—, Ugy = =€ =0 (2.7)
In particular,
2 2
x5 —
2 2 2 3/,,/\2 _ N2
detg =y, —u;, —1= 3 (W) —1=¢€()* -1,

which shows that if € = —1, the surface is indefinite, while if ¢ = 1, the
causal character depends on whether |v'| is less or greater than 1. Next
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we compute the second derivatives of wu:

2 2
G W

u$2f£2 - 7’2 T’SU )

as well as analogous expressions for the other second derivatives. Then
Equation (2.6) reduces to
ev” + M =0. (2.8)
T
If € = 1, the general solution of (2.8) is v/ (1) = ((r/c)? — 1)~2, where ¢ is
some non-vanishing constant. Integrating, we get to v(r) = ccosh™'(r/c) +
co, where ¢y is another constant. With the multiplication of interesting
examples, it is now becoming difficult to give names! We call the graph of
u = ccosh™ ' (\/23 — 22/c) + co the Lorentzian hyperbolic catenoid of the
first kind. If e = —1, we recover Equation (2.4), so again we have two sorts
of solutions (excluding the degenerate solution |v'| = 1 which again gives
the light-cone). We call the spacelike hyperbolic catenoid? the graph x; =
csin™!(y/23 — 23/c) + ¢o and the graph z; = csinh™' (/23 — 22/c) + o
the Lorentzian hyperbolic catenoid of the second kind.
There is one more interesting solution to Equation (2.6), that we give
without saying from where it comes:
143
e

u :=tanh™

The reader will check easily that it is solution of Equation (2.6) and that
it is also made up of half-rays, as is the elliptic helicoid. We call the graph
of u the hyperbolic helicoid® and we refer the reader to the next section for
a geometric discussion about these two surfaces.

2.3 The classification of ruled, minimal surfaces

A ruled surface of R™ is a surface made up of points belonging to a one-
parameter family of straight lines. The purpose of this section is to give a
characterization of minimal, ruled surfaces in (R™, (.,.),).

A straight line may be parametrized by ¢ — ~t + x, where ~ is a non-
vanishing vector and z is a point. We have some freedom in the choice
of the direction v and the base point x: we may replace v by any vector
collinear to it. In particular, if v is not null, we may assume that it is a

2This surface is called catenoid of the second kind in [Kobayashi (1983)].
3This surface is called helicoid of the second kind in [Kobayashi (1983)].
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unit vector, i.e. |7|f, = 1 or —1. Moreover, we may translate the point x
along the line, i.e. replace it by & := x + Ay where ) is a real parameter.

We first discuss the easier case where all of the rulings are paral-
lel. In this case the surface is sometimes called a cylinder and admits a
parametrization of the form

f:IXR — R™
(s,t) — 7ot + x(s),

where z is a curve in R™, and 7o a fixed direction. A short calculation
shows that fs and fi vanish, so hio and hso vanish as well; we deduce
that H = h&;—f;?. It follows that there are two cases in which the immersion
is minimal: if hi; vanishes, the whole tensor h vanishes and the surface
is totally geodesic, hence a plane (see Proposition 4 in Chapter 1). The
situation is more interesting if goo = |70|12, vanishes. It means that the
direction of the ruling ~ is null. If this is the case, the non-degeneracy
assumption reads detg = g7, = ({(2/,70)p)? # 0. We claim that if this
condition holds, we may reparametrize the curve x to make it a null curve,
i.e. in such a way that |2'|2 = 0. To see this, set

T =z + A\,
so that
72 = 12/ + 2X (' 70)y.
12
Hence, choosing A = — fs % makes Z a null curve and in particular

(s,t) are null coordinates for the immersion f = ot 4 #. Hence we have a
family of minimal, ruled surfaces: take a null direction 7y and a null curve
xz in (R™,(.,.)p) such that (z’,vy)p, # 0. Then the immersion f(s,t) =
~Yot + x(s) is minimal.

We now assume that the rulings are not parallel, so that the ruled
surface may be locally parametrized by an immersion of the form

fiIxR— R™
(s,t) — v(s)t + z(s),

where v and z are two curves in R™, and v is moreover assumed to be

regular. We first observe that in this setting, that the direction of the
ruling cannot be null:

Lemma 5. Let S be a ruled, minimal surface. If the direction of the rulings
s not constant, then it is never null.
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Remark 6. At this point we should warn the reader about a possible
confusion: what we claim is that the direction, i.e. the position vector of
the curve ~y is not null: |y|2 # 0. It may very well happen (and we will see
that it does so) that the curve « is a null curve, i.e. its velocity vector is
null: |7/|2 = 0.

Proof. We proceed by contradiction, assuming that we have indeed |'y|12j =
0. Rather than computing all of the coefficients of the first and second
fundamental forms, observe that f;; vanishes, hence both gz, = |y|2 and
hoo vanish. Thus Equation (2.1) implies that the immersion is minimal if
and only if hi2 vanishes, i.e. if fs; = v’ belongs to the span of f, = 7't +
and f; = 7, so that there exist functions A and p such that

Y =Mt +a") + py

By the assumption that the directions of the rulings are not constant, A\ # 0
(otherwise, we would have v = exp( [ pu)er where e; is a fixed direction).
So we get

,_1-tA,

v )

o
Ly

1d);
2 ds

Taking into account that (v,7'), = = 0, we deduce that

gi12 = <777I + txl>p = 07

which implies that the first fundamental form is degenerate, a contradiction.
O

We come back to our description of a ruled surface with non-parallel
rulings. As in the case of parallel rulings, we may

(i) replace the vector v by a vector collinear to it; therefore we assume
from now on that gay = |7y|2 = €, where e = 1 or —1;

we may also

(ii) translate the point z(s) along the ruling, i.e. replace it by Z(s) :=
2(s) + A(s)y(s) where X is a real function. Moreover, if |72 # 0, we may
assume that s is the arc length parameter of «. Since the discussion is local,
we have |’y'|f, is equal to a constant 1 equal to 1, —1 or 0. The corresponding
surfaces will be referred as to elliptic, hyperbolic and parabolic, respectively.

We claim that, using point (ii) above, we may reparametrize the sur-
face S in such a way that the coefficient g12 of the first fundamental form
vanishes: replacing z(s) by &(s) := z(s) + A(s)y(s), we get

gi2 = <fsv ft> = <’Ya xl>p + 6)\17
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hence, choosing A = —ej; (7, '), we obtained the claim.

Next, we compute the second derivatives of the immersion f:

fss:'.y”t—’_x” fst:’yl ftt:0~

In particular, the coefficient hoo vanishes as well and Equation (2.1) be-
comes:
o = M,
g11
Thus, the immersion f is minimal if and only if the coefficient hy; vanishes,
i.e. fss belongs to the span of f; and f;. Since f; and f; are orthogonal, it
follows that the basis (fs/|fs|2, fi/|f:|2) is orthonormal, and we can write

<f85af8> <f857ft>
513 |fel3

Recalling that both |y|2 and |y'|2 are constant, we have

fss: pfs+ ;th.

(V7" =0 and (v,4"), = |72 = —n.
By an easy computation we deduce

(20 + ', )t + 2 2
02 T2 )yt + 0

fos = (Yt + ') +e(=nt + (v, 2")p)7.

The left hand side is f,; = 7"t + 2", a polynomial in the variable ¢ of
degree one, so, since 7' # 0, the rational fraction in the right hand side of
the expression above must simplify to a polynomial of degree zero, i.e. an
expression not depending on ¢. We shall denote this by C(s). Equating the
constant coefficient and the coefficient of degree one on both sides, we get

V"' =Cls)y —emy
2" =C(s)x' + ey, 2")py.

The first equation allows us to determine completely the curve . Before
we do this, we first claim that the coefficient C' must vanish. If n = 1 or
7 = —1, this is a mere consequence of the Frénet equation (see Chapter 1,
Section 1.2.3.3), but we have to check this in the case of vanishing = 0.
In such a case, the general solution of the equation v = C(s)v'(s), is

v (s) = el: “@ey,
where e; is a null vector (since |y'|2 = |e;|2 =7 =0). So

7(s) = u(s)er + ez,
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where es is a non-null vector and p(s) a primitive of eJ:©(5) Hence the
curve ¥(s) is a straight line. On the other hand, since we are in the null
case, we have not yet used the freedom that we enjoy in reparametrizing
v(s). We do so now, and set y(s) := e1s + es. But this implies v = 0,
hence C' vanishes again.

Since C' vanishes, we are left to a simple second order equation with
constant coefficients: " + eny = 0. Its general solution depends on the
value of en:

(i) If en = 1, the curve y is a circle, i.e. it takes the form «(s) = cosse; +
sin s e where e and e are two unit vectors which are orthogonal and
of the same causal character (they are both positive or both negative);

(ii) If en = —1, the curve « is a hyperbola, i.e. it takes the form v =
cosh s e; + sinh s e2, where e; and ey are two unit, orthogonal vectors,
one of two distinct causal characters (of course this case does not occur
if the metric is positive, i.e. if p = 0);

(iii) If n = 0, 4" = 0, so that v a straight line v(s) = egs + e1, where ¢
is a null, non-vanishing vector (if eg vanishes, we fall back in the case
already treated of the ruling having constant direction). The condition
7|2 = € implies furthermore that |e;|? = € and (eg, 1), = 0.

Once the curve v has been computed explicitly, one can determine x by the
second equation of the system above. For this purpose we first need to find
out {7y,x")p. Since C(s) = 0, we have

d{y', ")
("l + (0 = SR
On the other hand,
dg
B2 2+ (i =,

so we deduce that (y,z"), is constant as well.
If n # 0, we have

/.

.’L'I — €<’Y,£C/I>p’y — —'I']<’Y,£C”>p’)//.

Integrating, we get x = — (v, z"),ny + vs + xo, where v and z( are respec-
tively a constant vector and a fixed point of R™. As we have seen above we
may replace x(s) by & := vs + 9. Moreover, we may assume without loss
of generality that g = 0. On the other hand, the assumption 0 = g15 =
(@', 7)p = (v,7)p implies that v is orthogonal to both e; and es. Moreover,
the non-degeneracy implies that v must be a non-null vector, hence we
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write v = ces, where ¢ is a non-vanishing constant and e is a unit vector.
Thus the immersion takes the form f(s,t) = (cosse; +sinses)t + cess+ o
or f(s,t) = (coshse; + sinhses)t + cess + xp. Finally, making a suitable
translation and scaling, we may set xg = 0 and ¢ = 1.

In the parabolic case n = 0, we integrate the equation 2" = e(7y, "),y =
c(egs+e1) to get x = c(%eo +52e1) + vs + xg, where c is real constant, v a
constant vector, and ¢ a fixed point of R™. After rescaling and translating
the surface if necessary, we may assume that ¢ = 1 and zop = 0. The
immersion takes therefore the form

3
f(s,t) = (seo +e1)t + sv + (%eo + 8261)

3
= (teg +v)s + ert + (%60 + 8261).

Observe that replacing v by v := v 4 Aeg, where X is a real constant, yields
a different parametrization of the same surface. On the other hand the
assumption (z’,7), = 0 implies that (eg,?), + 2¢ = 0 and (e1,v), = 0.
Hence for a suitable choice of A\, we have ey = eg + e3 and ? = ey — eg3,
where (eg,e3) is an orthonormal basis of the plane spanned by v and ey,
with |es|? = e.

Summing up, we have proved:

Theorem 8. Let S be a ruled, minimal, non-planar surface of Euclidean
space R™ endowed with the metric {.,.)p,. Then S is, up to translation and
scaling, an open subset of one of the following surfaces:

(i) A minimal cylinder
f(s,t) = ot + z(s),

where o is a null vector and x(s) is a null curve such that {yo,z'), #
07.

(ii) An elliptic helicoid

f(s,t) = (cossey +sinseq)t + ess,

where (e1, ea, e3) is an orthonormal family (i.e. e1,es and es are three
unit, mutually orthogonal vector), such that e; and eo have the same
causal character;

(iii) A hyperbolic helicoid

f(s,t) = (cosh se; + sinh s et + e3s,

where (e1,ea,e3) is an orthonormal family, such that e; and ey have
distinct causal characters;
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Fig. 2.5 The parabolic helicoid

(iv) A parabolic helicoid*
5 53 3
fls,t) = (t+ s%)e1 + (E —|—st—|—s>eg + <§ + st — 8)63

where (e1, ez, e3) is an orthonormal family, such that e; and ey have
the same causal character and es has the opposite one.

Remark 7. The minimal cylinders have always indefinite metric. The
causal character of the helicoids is versatile. In the elliptic and hyperbolic
cases, we have

detg = (|ez[pt” + leslp)lex},

so the elliptic helicoid is of course positive if all vectors ey, es and ez are
positive. If the causal character of es is distinct from the one of es, the
elliptic helicoid is indefinite for t? < 1 and definite for ¢* > 1. The converse
occurs in the hyperbolic case: if es and es have the same causal character,
it is indefinite at any point. If they have distinct characters, it is definite
for 2 < 1 and Lorentz for > > 1. In the parabolic case, we find that
det g = —4|e1|2t, hence, if 1|2 is positive, the surface is definite for negative
t and indefinite for positive ¢. This is the converse if |e1]2 is negative.

4This surface is called Conjugate of Enneper’s surface of the 2nd kind in [Kobayashi
(1983)] and [van de Woestijne (1990)].
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Remark 8. All the helicoids are contained in a three-dimensional subspace
of R™. The minimal cylinders and hyperbolic and parabolic helicoids occur
only if the metric (.,.), is indefinite. In particular, the only non-planar,
ruled, minimal surface in (R™,(.,.)o) is the elliptic helicoid. In the case
m = 3, this result is known as Catalan theorem, and is one of the first
classification theorems about minimal surfaces. The classification of mini-
mal, ruled surfaces of (R?,(.,.);) was given in [Kobayashi (1983)] in the
spacelike case and in [van de Woestijne (1990)] in the indefinite case (see
also [Niang (2003)]).

2.4 Weierstrass representation for minimal surfaces

Let S be a non-degenerate surface in (R™, (.,.),). By Theorem 6, S admits
local isothermic coordinates (s,t), i.e. it is the locally the image of an
immersion f of an open subset U of R?, and we have

(1) \fsly = el fel

and

(2) <fsv ft>p = 07

where € = 1 if the surface is definite, and ¢ = —1 if it is indefinite. Dif-

ferentiating these equations with respect to s and ¢ and subtracting, we
get

(1)8 + (2)75 <fss + efut, fs>p =0,
and
(2)9 - (1)t <fss + €ftt; ft>p =0.

Hence the vector fss + €fi is normal to S, and Equation (2.1) reads:

7 l(fss + €fu)t _ fss +€fu
TR TR

The last expression is nothing but the Laplacian of f for the induced me-

tric, expressed in the isothermic coordinates. Hence we have obtained the
following:

Theorem 9. The mean curvature vector of the immersion f of a surface
in (R™,{.,.)p) is the Laplacian of f for the induced metric. In particular,
f is minimal if and only if the coordinates functions are harmonic for the
induced metric.
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In the definite case, remembering that a harmonic function on a com-
pact, Riemannian manifold must be constant (Corollary 2, Chapter 1), we
recover a particular case of Theorem 3:

Proposition 6. There is no compact minimal surface with definite metric
in (R™, (., )p)-

The statement of Theorem 9 is coordinate-free, however we will go on
using isothermic coordinates, since it will allow us to find explicit, local
expressions for all minimal surfaces. In order to be more specific, we shall
consider separately the two cases.

2.4.1 The definite case

Here € = 1, so in order to find minimal surfaces, we have to find R™-valued
functions of the two variables (s,t) which are harmonic. For this purpose
we introduce the complex variable z = s + it, where i := /—1 and observe
that the Laplace operator on R? can be ”factorized”, i.e.

0 0 o .0 o .0

We introduce the Cauchy-Riemann operators

o _1(9 .0 g 9._1(9o0 0
oz 2\as ‘ot) M ez T 2a\Gs e )

and we say that a complex-valued function ¢(s,t) = ¢(z) is holomorphic if

0o

35 =
It is well-known that a holomorphic function ¢ defined on a simply con-
nected open subset of C admits a primitive, i.e. a function ® such that
‘g—f = ¢, which is moreover unique up to an additive constant. As in the
case of the primitive of a continuous function of the real variable, ® may
be defined as an integral: the assumption that ¢ is holomorphic insures
that the one-form ¢(z)dz is closed. It follows from Stokes theorem that
the integral of ¢(z)dz on a closed curve of a simply connected open sub-
set of C is zero, and therefore that the integral on a path depends only
on the end points of the path. It is then a simple exercise to check that
®(z) = [, #(2)dz, where the integral is meant to be over any curve whose
end points are a fixed point® zg and the variable point z.

0.

5Changing the fixed point zp amounts to change the additive constant.
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It follows from Equation (2.9) that H vanishes if and only if the m
functions

of
O o= G erm)
are holomorphic. Moreover we have f(s,t) = Re [ ¢(z)dz and the confor-

mality assumption on f is equivalent to the algebraic equation

P m
—2_ 4+ ) g=0. (2.10)
j=1

J=p+1
Finally, the facts that f is an immersion and that the induced metric is
non-degenerate are equivalent to the fact that

2 2 2
o5 _|as _,lorf L,
ox v dy v 0z v
i.e.
p m
=D i+ D 1P #o. (2.11)
Jj=1 j=p+1

Summing up, we have a recipe to build minimal surfaces with definite
metric:

(i) Take a C™-valued holomorphic map (the Weierstrass data) (¢1, ..., om)
on an open subset U of the complex plane satisfying the non-degeneracy
condition (2.11) and the quadratic Equation (2.10);

(ii) Take f(s,t) := Re [, ¢(2)dz; then f is a conformal, minimal immersion.

Given a solution (¢1,...,¢m) of (2.10), we see that (id1,...,i¢y) is
another solution. The two minimal surfaces corresponding to the data
(P1, e, &) and (g1, ...,7¢,,) are said to be conjugate. Actually, from a
Weierstrass data, i.e. m holomorphic functions ¢1, ..., ¢,, satisfying Equa-
tion (2.10), we can construct not only a pair of conjugate minimal surfaces,
but a whole one-parameter family, called an associate family: in the second
point of the recipe above, set, for § € R/27Z,

fo(s,t) := cosORe /qzﬁ(z)dz—i—sin@lm /qb(z)dz.

It is easy to check that

b ,
g =e (1, ..., om).
9fe

Hence %2 is holomorphic and still satisfies Equation (2.10) as well as the
non-degeneracy condition (2.11). We conclude that fy, for § € R/27Z is a
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family of minimal immersions. Moreover, any two members of this family
are isometric, i.e. for 6 # @', the immersions fy and fy induce the same
metric on U. In other words, the intrinsic geometry of the two minimal
surfaces fo(U) and fo/(U) is the same, although their extrinsic geometry is
not a priori.

Example 3. (Complex surfaces). Let ¢1 and ¢3 two arbitrary holomor-
phic functions and set ¢o = i¢ and ¢4 = i¢p3. Then we have both

o+ P+ 05+ 1 =0
and
—¢7 — ¢35+ ¢35+ ¢ =0,

hence we get a surface of R* which is minimal for the two metrics (.,.)o and
(-,-)2- It is easily checked that the immersion f :=Re [ (¢1,i¢1, ¢3,ip3)dz
is holomorphic if we identify R* with C? setting (21 = x1 + ixa, 20 =
x3 + ixy). Such a surface is called complex, because its tangent planes
are complex linear lines of C2. Complex submanifolds will be discussed in
Chapter 5, Section 5.1 in a wider framework.

2.4.1.1 The case of dimension 3

Up to scaling by the transformation g — —g (see Proposition 5 of Chap-
ter 1), there are two flat pseudo-Riemannian metrics on R3: the Minkowski
metric (.,.); and the Riemannian metric (.,.)o. It is easy to find ex-
plicit holomorphic functions (¢1, @2, $3) such that ¢? + ¢3 — ¢3 = 0 or
¢F + 5 + 3 = 0:

Theorem 10.

(i) (Classical Weierstrass representation) Let F' and G be two holomorphic
functions defined on a simply connected open subset U of C such that
F' does not vanish on U. Then the map

f(s,t) = Re / <%F(1 - G?), %F(l + GQ),FG) dz

z
is a minimal, conformal immersion of U into (R®, (.,.)o). Conversely,
any minimal surface of (R*,(.,.)0) may be locally parametrized by a
conformal immersion of this form.
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(ii) Let F and G be two holomorphic functions defined on a simply con-
nected open subset U of C such that F does not vanish and |G| # 1 on
U. Then the map

f(s,t):Re/<%F(1+G2),%F(1—G2),FG) dz

z
is a conformal immersion of U into (R, (.,.)1) whose image is a mini-
mal, spacelike surface. Conversely, any minimal, spacelike surface of
(R3,(.,.)1) may be locally parametrized by a conformal immersion of
this form.

Proof. The Riemannian case is the easier one and is left to the reader. In
the Minkowski case, we check easily that ¢? + ¢3 — ¢3 vanishes and that

F2
R N

which is strictly positive as long as F' does not vanish and |G| # 1. There-
fore f(s,t) is a minimal, conformal immersion. Conversely, suppose f is
a conformal immersion of a simply connected open subset U whose image
is minimal and spacelike, and set F' := ¢ — i¢o. Observe that we can-
not have vanishing F': it would imply ¢1 = i¢2, so by the quadric equation
2 +¢3 — ¢2 = 0 we would have vanishing ¢3, and then the image of f would
be planar. Since F' does not vanish, we may set G := ¢3/F. Therefore we
have (¢1,¢2,¢3) = (3F (14 G?),+F(1 — G?),FG), and Equation (2.12)
holds. Therefore we cannot have |G| = 1 by the non-degeneracy assump-
tion (2.11). Hence the pair (F,G) defined in this way is the Weierstrass
data corresponding to the minimal immersion f. (I

(1- G172 (2.12)

Example 4. If we choose F' and G constant, we obtain a linear map f, so
its image is a plane. One of the simplest pairs one may think beyond the
constants is (F(z),G(2)) = (1,271). In the Minkowski case, we get

(1, ¢2,¢3) = (%(1—%)%(1—1—%),%).

Rather than writing explicitly a path integral of (¢1, @2, ¢3), we compute
formally a primitive:

() A ss). o

Introducing polar coordinates z = re*?, the real part of the latter expression

is:
1 1\ . 1 1
fo(r,0) = (—5 (r — ;) sin 6, —5 <7" — ;) cos@,logr) .
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We observe that the image of fy is a surface of revolution: for fixed r,
0 — fo(r,0) is a horizontal circle. Thus we recover the spacelike catenoid
of Section 2.2. The imaginary part of (2.13) is:

1 1 1 1\ .
Jry2 = (5 <r+ ;) cos@,i(r—i— ;) s1nt9,t9> .

Restricting the parameter space to either r < 1 or r» > 1, this is a local
parametrization of the part of the elliptic helicoid which lies outside of the
cylinder {#? + 22 = 1}. Hence the spacelike catenoid and the helicoid are
conjugate surfaces.

In the Riemannian case, the situation is very similar:

(¢1a¢27¢3): (%(1_%>7%<1+Zi2)a%)7

a primitive of which is

G2 D)

The real part of the latter expression gives, in polar coordinates:

1 1 1 1\ .
fo(r,0) = (5 (r—i— ;) (3059,—5 (r—i— ;) sm9,10g7‘> )

The image of fj is the classical catenoid (Exercise 1). The imaginary part

gives:
1 1\ . 1 1
Jrp2 = (5 (r — ;) sin @, 3 (7’ — ;) cos@,@) )

It is easily seen that it is a local parametrization of the elliptic helicoid.

2.4.2 The indefinite case

Here we have to find R™-valued maps f such that f,, — fi; and |fs|12j + |ft|12,
vanish. As in the proof of Theorem 6, we introduce "null” coordinates
(u,v) for the induced metric, i.e. such that 9, = 95 + 9; and 9, = 95 — O;.
Hence fss — fit = fuw and we have to solve f,, = 0. This is maybe
the simplest PDE of all: the general solution is f(u,v) = 11 (u) + v2(v),
where 1 (u), u € I and y2(v), v € I, are two R™-valued functions. The
assumption

|fsly + 1fel5 =0
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is equivalent to

[fulp = @) =0 and |fuly = ()} =0,

so the velocities of the curves v; and 5 are null vectors. Moreover, the
induced metric is non-degenerate if and only if (v{ (u),v5(v))p # 0,V(u,v) €
I; x I5. Summing up, we have proved:

Theorem 11. Let S be an indefinite minimal surface of (R™,(.,.)p). Then
it may be locally parametrized by an immersion of the form

flu,v) =7(u) +2(v),

where 1,72 are two null curves of R™ such that (vi(u),v5(v))p # 0, Vu, v.

Remark 9. This representation formula has been derived in [Weinstein
(1996)] in the case of (R®,(.,.);) and in [Chen (2009)] for (R*(.,.)2). A
different (although equivalent) point of view has been derived for the case
of Minkowski space (R?,(.,.)1) in [Magid (1991)]. This representation is
more complicated and is restricted to the analytic case but resembles the
definite case, since it involves a kind of analogs of holomorphic functions,
called split-holomorphic functions.

Example 5. Assume that the null curve 7, is a straight line: 1 (u) = you,
where v is a null direction. Then f(u,v) = you + v¥2(v): we recover the
examples of cylindrical surfaces described in the previous section.

Example 6. (The hyperbolic helicoid). Consider the hyperbolic heli-
coid of Section 2.3, setting ¢ = 1 for simplicity:

f(s,t) = (cosh s ey + sinh seq)t + ess,

where e; is a unit negative vector and e; and es are unit positive vec-
tors. The parametrization is not isothermic, however it suffices to introduce
the parameter y such that ¢ = sinhy to get such isothermic coordinates.
Hence we get null coordinates (u,v) setting (v +v = s,u — v = y) and the
parametrization becomes

flu,v) = (cosh(u + v)ey + sinh(u + v)es) sinh(u — v) + (u + v)es
= %(sinh(Zu) — sinh(2v)e; + %(cosh(Zu) — cosh(2v)ez) + (u + v)es.

Hence, in this case, the two null curves are vi(u) = %(sinh(2u)e; +
cosh(2u)ez) + ues and 42(v) = —3(sinh(2v)e; + cosh(2v)ez) + ves.
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We may check that

(71 (1), 73(v))p = cosh(2(u + v)) + 1 > 2,

so the immersion is always non-degenerate.

2.4.3 A remark on the regularity of minimal surfaces

The causal character of the induced metric of a minimal surface yields a
striking contrast in the regularity of the surface: in the definite case, we
show that a minimal surface is the image of the real part of a holomorphic
function. The surface has therefore the highest degree of regularity: it
is real analytic. On the contrary, the representation formula of minimal

indefinite surfaces only requires the immersion to be twice differentiable.

2.5 Exercises

(1)

Calculate the minimal surface equation for graph immersions
f(z1,22) = (@1, 20, u(x1,22)) of R® in the Riemannian case, i.e. the
equivalent of Equation (2.2) when the metric is (., .)o = dz?+dz3 +da3.
Show that u = arg(x1 + iz2) is a solution of this equation, recovering
the fact that the elliptic helicoid is also a minimal surface for the pos-
itive metric of R3. Show that a radial solution of this equation, i.e. of
the form u(z1,z2) := v(y/2? + x3), must satisfy Equation (2.8) (it will
become clear in the next chapter why this is the same equation). Draw
a picture of the resulting surface. This is the classical catenoid.

Seek several solutions of Equation (2.2) of the form u(z1, z2) = F(x1)+
G(z2), where F and G are functions of the real variable (Hint: two so-
lutions of the equation F” = 1— (F')? are F’ = S8h2 apd [/ = coshe)
Discuss the causal character of the corresponding surfaces. Using the
same method, show that u(z2,x3) = log( 52 ) is a solution of Equa-
tion (2.6) and draw it. We call it the Lorentzian Scherk’s surface.
Show that the spacelike hyperbolic catenoid and the spacelike portion
of the hyperbolic helicoid are conjugate surfaces. They are therefore
isometric.

Show that the shape operator of the indefinite portion of the hyperbolic
helicoid is not diagonalisable.

(Enneper surfaces) Describe and draw the minimal surface obtained
with the Weierstrass data (F'(z), G(z)) = (1, z), both in the Riemannian
and Minkowski cases.
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(6) Let (X,g) be a Riemannian surface and u a real function on . The
graph of u is a surface in the product manifold M := 3 x R, which we
endow with the indefinite metric § := g — dt?, where t is the canonical
coordinate on R. Discuss the causal character of the graph of u in
terms of the gradient of u (recall the gradient depends on the metric
g, see Section 1.1.3 of Chapter 1). Write the minimal surface equation
for the graph of w (hint: it is simpler to use isothermic coordinates on

(2,9))-
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Chapter 3

Equivariant minimal hypersurfaces in
space forms

This chapter deals with submanifolds with co-dimension one, i.e. hyper-
surfaces. In the first section we introduce the space forms, which are the
pseudo-Riemannian analogs of the Riemannian round sphere. We study
both their extrinsic and intrinsic geometry: on the one hand we prove that
they are, next to the hyperplanes, the simplest hypersurfaces of Euclidean
space in terms of extrinsic curvature, and on the other hand we see that
they are the simplest examples of non-flat pseudo-Riemannian manifolds.
Equivariant hypersurfaces are, roughly speaking, those hypersurfaces which
are the most symmetric ones next to space forms themselves. Sections 3.2
and 3.3 are devoted respectively to the description of minimal equivariant
hypersurfaces of Euclidean space and of space forms.

3.1 The pseudo-Riemannian space forms

Consider the real space R™™' n + 1 > 3, endowed with the pseudo-
Riemannian metric of signature (p,n + 1 — p):

P n+1
(o)p ==Y da?+ Y da}.
i=1 i=p+1

The group of orientation preserving isometries (rotations) of (R™**, (.,.),)
is the group SO(p,n + 1 — p) of invertible matrices of positive determinant
which preserve the metric (., .),, i.e.

SO(p,n+1—p):={M e GUR" )| (MX,MY), = (X,Y),,det M >0} .
The orbits of SO(p,n + 1 — p) are the quadrics

QZ’C = {x € R"+1| |ac|12j = c},

57
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where c is some real constant. They are smooth hypersurfaces, except
when ¢ = 0: the set (@;0, if non-empty, has a unique singularity at 0 and
is actually a cone. It is usually called the light cone, which has a physical
meaning in the Minkowski case. The induced metric is degenerate on the
light cone, therefore no curvature can be defined on it and in the following,
we shall always deal with the case ¢ # 0.

The next theorem makes precise our claim that the hypersurfaces QZC
are, beyond the hyperplanes, the simplest ones of R™*1:

Theorem 12. The quadric Q,, . is a totally umbilic hypersurface of R™T!
and has constant mean curvature r := |c|~'/? with respect to the unit nor-
mal vector field N(x) := —krx. Conversely, if S is a connected, totally
umbilic hypersurface of R™ ', its mean curvature curvature r is constant
and S is either an open subset of a hyperplane (if k vanishes) or, up to

translation, one of the quadric Qy ., with || = 1/x>.

Proof. Let X be some tangent vector to Q, . at some point = and z(s) a
regular curve in Q) . such that 2(0) = 2 and 2/(0) = X. Differentiating the
identity (z(s),z(s)), = ¢ at s = 0, we find 2(X,z), = 0, so the tangent
space to Q) . at « is 2-. Therefore N, Q. = 2R. Setting N := —|c|71/2z =
—kx, we calculate [N|2 = |¢| x| = 77> hence N is a unit normal vector.
Next we compute the shape operator:
DxN = —|c|V?Dxx = —kX,

so that Ay = xkId and (@Z,C is totally umbilic as claimed.

Conversely, let S a totally umbilic hypersurface of R™™* with a local
unit normal vector field N: there exists a function k(z) on S such that
Dx N = —kX, where X is any tangent vector field. We first prove that if
S is totally umbilic, then x does not depend on the point z: differentiating
the identities Dx N = —x(z)X and Dy N = —k(2)Y with respect to Y and
X respectively, we get

DnyN = —Y(/Q)X - HDyX
and
DnyN = —X(/Q)Y - HDXy.
Subtracting these two equations, we obtain
DyDxN —DxDyN = X(rk)Y =Y (k)X — [X,Y].
Since Dix yiN = —ks[X,Y], we get
DyDxN — DxDyN — Dixy)N = X(k)Y =Y (k)X
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and
RP(X,Y)Z = X(r)Y = Y(r)X.

The curvature RP of D being zero, the right hand side term above vanishes.
Hence, choosing X and Y not collinear, we get that both X (k) and Y (k)
vanish. Since S is assumed to be connected, k is constant.

The totally geodesic case, i.e. of vanishing k, has already been treated
in Chapter 1, Proposition 4. However, the co-dimension one assumption
allows a simpler argument here: since Dx N = 0 and S is connected, N is
a constant vector. Moreover, choosing any point zy of S, we have Dx (z —
xo, N)p = (X, N), = 0. Hence S is contained in the hyperplane z¢ + N-t.

If x does not vanish, we first prove that « + N(z)/k is constant: since
k itself is constant, we have:

DxN

Dx(x+ N/k) =X + 0.

Hence, the point xg := x + N/k is constant (this is the ”center” of S). It
follows that

NI
(x — 0, @ — To)p = o

2
Setting ¢ := ‘]ZQI”, we conclude that S C Q;C + zo. In the positive case, i.e.
p =0, S is the sphere of radius /¢ centered at xo. O

The next result shows that the intrinsic curvature of Q. is also very
simple.

Proposition 7. The curvature tensor RY of the induced metric on Q. is
given by the formula
1

(<X,Z>pY— Y, Z),X). (3.1)

c

RY(X,Y)Z =
Moreover Qy, . has constant sectional curvature 1/c.

Remark 10. One can prove that conversely, a pseudo-Riemannian mani-
fold of constant sectional curvature is locally homeomorphic to one of the
space forms Q) .. A proof of this fact can be found in [Kriele (1999)].

Proof of Proposition 7. By the totally umbilicity of Q ., we have h(X,Y) =
k(X,Y), (see Section 1.2.4, Chapter 1), so we obtain the following expres-
sion for the Gauss formula:

DxY = VxY + er(X,Y),N.
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Next choosing three tangent vector fields X, Y and Z on Q7 ., we calculate:
RP(X,Y)Z = DyDxZ — DxDyZ + Dixy\Z
=Dy (VxZ +er(X,Z),N) — Dx(VyZ + ex(Y, Z),N)
+ Vixy)Z +es([X, Y], Z),N
=VyVxZ+e(Y,VxZ),N+exY (X, Z),)N —ex*(X, Z),Y
—VxVyvZ+er(X,VyZ),N +exX (Y, Z),)N
—ek®(Y, Z), X + Vixy1Z + ex([X, Y], Z),N.
Taking the tangent part of this expression, we get
0=VyVxZ - VxVyZ+VxyZ—e’((X,2),Y — (Y, Z),X),

n
p,c?

SO
RY =VyVxZ—-VxVyZ+Vixy)Z
=er?*((X,2),Y — (Y, Z),X),

2 1

which is the required formula for RV since ek® = ¢™ .

Finally, we compute
1
(RY (X, V)X, Y)p = ~(IXEIVE - (X, Y)7)

and we conclude that the sectional curvature of the plane P spanned by X
and Y is
<RV(X7 Y)X7 Y>P 1

P) = XEVE- x, 7~ 0

We now claim that regarding the space form (@;C as an abstract pseudo-
Riemannian manifold (this will be the subject of Section 3.3), one can first
reduce the study to the case ¢ = 1: firstly, the scaling transformation ¢ of
R"™ ™! defined by ¢(z) = %x maps Q. diffeomorphically onto Q, ., and,
for a pair of tangent vectors X,Y of Qp ., (do(X),dp(Y)), = =(X,Y),.
Hence, regarded as abstract manifolds, Q; . and Q,; . are the same one with
two different metrics, which are proportional. Therefore, by Proposition 5
of Chapter 1, they have the same minimal submanifolds. Moreover the
sets Q, _; and Qy,,;_,, 1 are anti-isometric: they are diffeomorphic by the
transformation 7 : (21, ..., Tp, Tpt1s -y Tn) = (Tptiy ey Ty Ty .en, Tp) and
(d7(X),dT(Y))nt1—p = —(X,Y),. Again the two metrics are proportional
and the two quadrics have the same pseudo-Riemannian geometry. We
conclude that there are essentially n 4+ 1 space forms of dimension n, the
quadrics QZ, with 0 < p < n. Some of them are well-known Riemannian or
pseudo-Riemannian manifolds:
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(i) S" := Qg is the classical, round sphere; this is the only compact
space form; the induced metric is definite positive.

(ii) Q1 is the only space form which is not connected. More precisely,
it has two isometric connected components. For this reason, we set
the hyperbolic space (or more precisely the hyperboloid model of the
hyperbolic space) to be H" := Q;; ;N{z € R"™ "' 2, > 0}. The induced
metric is definite negative. As this may cause some discomfort, the
following definition, obviously equivalent, but which makes the metric
positive, is usually preferred when dealing with Riemannian geometry:
H" :=Q} _, N{z € R"""| 2,11 > 0}.

(iii) dS™ = QF; is called the de Sitter space; the induced metric is
Lorentzian;

(iv) AdS™:=Qj,_, , is called the anti de Sitter space'; the induced metric
is, up to an anti-isometry, Lorentzian as well.

Remark 11. When n = 1, there are of course merely two ”curve forms”:
the circle S' := {z? + 23 = 1} and the hyperbola H' = {—2? 4+ 2} =
1}. When n = 2, there are three ”surface forms”: the sphere S* and the
hyperbolic plane H? have definite metric, while the Sitter and the anti de
Sitter surfaces are the same one, with signature (1, 1). The four-dimensional
Sitter and anti de Sitter spaces dS* and AdS?* are relevant in Relativity
theory: the three positive directions represent the physical space, while the
negative one represents time (see [Kriele (1999)]).

3.2 Equivariant minimal hypersurfaces in
pseudo-Euclidean space

3.2.1 Equivariant hypersurfaces in pseudo-FEuclidean
space

As we have already stated, the group SO(p,n + 1 — p) of rotations of
(R™*1(,,.),) is the group of matrices M of positive determinant which
preserve the metric (.,.)p, i.e. such that (Mx, My), = (z,y),. We have
furthermore discussed those non-degenerate hypersurfaces of R" ™! which
are invariant by the action of SO(p,n + 1 — p) and seen that they have
constant, non-vanishing mean curvature. In particular, none of them is
minimal. In the following, we shall look for hypersurfaces of the Eucli-
dean space which are minimal and invariant by the action of the following

IThe usual definition is AdS™ := Q3 4.
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subgroup of SO(p,n+ 1 — p):

§5mn—p%={<%?)UW€SOmn—pﬁ.

This subgroup is very important for the following reason: let us fix a positive
point zo of R"™!. By linearity, if a rotation M fixes zq, i.e. Mzy = o,
then it fixes also the point e := xg.(xg, x9)~'/2 of Q1 Since the action of
SO(p,n+1—p) is transitive on Q} , there exists a rotation Mo that maps
the "north pole” (0, ...,0,1) of QZJ on e, i.e. My(0,...,0,1) = e. Hence the
subgroup of rotations of (R",(.,.),) that fix z¢ is exactly

MJl.%(p,n —p).Mp := {Mgl.M.Moi M € g\é(p,n -}

This subgroup is conjugate to %(p, n — p). Analogously, when p > 1, the
group of rotations that fix a negative direction of R™™ is conjugate to the
group

§6@—Ln+1—py:{<é&>yMeSO@—Ln+1—m}.

Another interesting point for us is that the non-degenerate orbits of these
groups are (n — 1)-dimensional: let Z = (z0, z) be a point of R"™!, where
20 = (T1,...,7,) € R", and set ¢ := |zo[2. It is not difficult to see that the

orbit of Z by the action of %(p, n —p) is the set:
( Z;l,z) = {(z,2) eR"Mz € QZ;l

R™*! is the union of

Hence an SO(p,n — p)-equivariant hypersurface S of
a one-parameter family of submanifolds of the form ((@Z;(ls), z(s)), where
c and z are two real functions defined on some interval I. We claim that
if ¢ vanish on a sub-interval J of I, then the hypersurface f(J X (@Z}Bl) is
degenerate (this will be proved rigorously in the next section). Therefore,
since our discussion is local, we assume from now on that ¢ does not vanish
and we set eg := ¢/|c|, which is therefore constant, and r := +/|c|, which is
strictly positive. Finally & may be locally parametrized by an immersion

of the form

fIxQ ! - R

p;€o

(s,2) = (r(s)e(x), 2(s)),

-1 . . . 1
where ¢ : QZ w = R"™ denotes the canonical immersion of QZ <o » Tegarded

as an abstract manifold, into R"™, and v(s) := (r(s), 2(s)) is a parametrized
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curve in the half-plane P := (0, 00) x R. Analogously, an SO(p—1,n+1—p)-
equivariant hypersurface may be locally parametrized by an immersion of
the form
g:1Ix @2:11,60 — R
(s,2) — (2(s), r(s)u()).
In the next section we shall characterize equivariant minimal hypersurfaces
of R™ 1,

3.2.2 The minimal equation

In order to treat simultaneously the two cases described above, we make
some slight changes in the notation. First, in the SO(p — 1,n + 1 — p)
case, we re-arrange the order of the coordinates as follows (x1, ..., Zp4+1) —
(2, ..., Tnt1,21). Observe that with this new notation, the last direction is
not necessarily positive. Therefore we set € := [(0,...,0,1)|2. We also set
p’ := p in the first case and p’ := p — 1 in the second one, so that

()p = (o )y +edrr,.
Finally, we claim that there is no loss of generality in assuming that
€g = 1: otherwise, replace the metric (.,.), by (.,.)nt+1—p and re-arrange
the order of the coordinates as follows: (z1,...,Tp, Tpt1,..os Tnt1) —
(Tp41, ooy Tng1, 21, ..., Tp). Hence we are left to study the geometry of the
immersion.

f:Ix (@Z,Tll — R
(s;2) = (r(s)u(®), 2(s)).

We introduce local coordinates (si,...,8,—-1) in QZ,Tll, so that (s :=

S,81,...,8n—1) are local coordinates on I X (@Z:ll. We set X; := du(0s,),

so in particular (Xi,..., X,—1) is a frame of tangent vectors along QZ,Tll.

We shall frequently write x instead of ¢(x), as it should not create confusion.
Computing the first derivatives of f,

fs=(@'2,2") and df (9s,) = (rX;,0),

we see that f is an immersion if and only if (+/,2’) do not vanish and
r > 0. In particular, the curve v is regular. We claim that the geometry
of the immersion f is described by the geometry of v in P endowed with
the pseudo-Riemannian metric (.,.),» = dr? + edz?, where p” = p — p':
denoting by g the metric on Qgil the coeflicients of the induced metric g
on I x QZEl are:

goo = (r')* +e(z')* = |7/|,2w, goi =0 and g; = 7‘291'3'.
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We may write these relations in a more compact, coordinate free form:
. 2 5.2, .2
g=7ds® +rg.

It follows that the immersion is degenerate if and only if goo vanishes, i.e.
v is degenerate (null). Hence we assume from now on that 7 is a non-null
curve and that s is the arc length parameter of the curve i.e. |y |§,, =,
where ¢ =1 or —1. We set v := (v1,12) = (2/, —er’); it is one of the two
unit normal vectors of v in P. We recall that the Frénet equations of v (see
Chapter 1, Section 1.2.3.3) are

" = exv
vV o= —ky.

We now proceed to compute the second fundamental form of f. Observe
that a unit normal vector to f is given by N = (vyz,1»2). Thus, using the
Frénet equations, we get

Dy N = (vju(x),vh) = —k(r'z,2') = —k fs,
Dy, N = (1 X;,0).
Hence the coefficients of the second fundamental form h of f are
hoo = —7 (Do, N, ds) = k| |2 = Koo,
hoi = —g (Das,i N,0s) = —(n X, r'z)y =0,
hij = —g (Dasl,N, 0s,) = —(nXi, Xj)p = —117Gi;.

In particular, the shape operator of f is diagonalizable and its principal

curvatures are o = £ with multiplicity one and x; = —%* with multiplicity
n — 1; it follows that the mean curvature of f is
1 1
H:—(ﬁ— n—l—). 3.2
~(r- (-2 (32)

In order to find at which condition the immersion is minimal, we must
study the equation

V1

k—(n—-1)—=0 (3.3)

r
for . It is a second order ODE, which therefore admits local solutions.
In order to understand the global behaviour of these solutions, we shall
look for a first integral, i.e. a function E(r,z,r’,2’") = E(v,7') of v and its
derivative such that if y(s) is any solution of (3.3), then s — E(y(s),v'(s))
is constant. It follows that the integral curves of the equation are contained
in the level sets of E and therefore may be described more easily.
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We claim that E(vy,7') := v1r""! is a first integral of Equation (3.3)

(observe that vy = —ez’ depends on 4'): by the Frénet equation v} = —xkr’,
we have

d

—E=vpr"t +(n— 1)1/17“’7"("_1)_1

ds

= p/pn—t (—H—F (n— l)ﬂ) ,
,

which vanishes precisely if (3.3) holds.

We can discover a very simple solution of (3.3) assuming that F va-
nishes. Since r > 0, it implies that 14, vanishes, hence the normal vector
is horizontal, and + is simply a horizontal straight line. The corresponding
hypersurface is the horizontal hyperplane {z, ;1 = 20} of R"*! where 2
is a real constant, which is totally geodesic.

Observe moreover that F does not depend on the variable z. On the
other hand, the derivative 7’ is completely determined by 14 = —ez’, since
" = /1 —€(2')2. These two crucial facts imply that to have found E is
sufficient to get a fine description of the integral curves. In classical terms,
we would say that we have integrated Equation (3.3) "by quadratures.” It
turns out that the features of the curves v depend on the different values
of € and €', so it is convenient to treat these different cases separately. This
will be the object of the next sub-sections.

3.2.3 The definite case (e,€') = (1,1)

By the arc length parametrization assumption, v = (', 2’) = (cos 6, sin 9),
where 0 denotes the angle made by the tangent vector v with the horizontal
direction. It follows that 1y = —sin#, and
E(v,7') = E(r,0) = —sinfr" 1.

Hence the projections of the solutions (vy,7’) onto the plane (r,6) are
the graphs (r(6),0) = ((55)Y (=Y, 0). These curves are unbounded, and
moreover contained in the horizontal strip {k7 < 6 < (k + 1)7}. Without
loss of generality, we may assume that k = 0, so that § € (0, 7); this implies
that E < 0. The coordinate 7 has a unique minimum rq := (—FE)Y/ (=1
at 0 = 7/2 and they are symmetric with respect to the horizontal line
{6 = m/2}. To get a picture of the curve v and hence of the minimal im-
mersion f, it remains to express the function z in terms of r. Without loss
of generality, we set 7(0) = ro and z(0) = 0, so that:

z(s)z/osz’(cr)da:/Ossinﬁ(a)daz/os%da.
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On the upper branch of the curve, i.e. for positive z, we may use r as a
variable. By the definition of 8, dr = cosfds, hence, taking into account
that cosf > 0,

_ ("sinf [T pnt 2 —1/2
()= [ o= | () 1) @
r 2(n—1) ~1/2
L) ) e
T0 710

We claim that varying the constant ry leads to different but homothetic
curves: by a simple change of variable, we see that z,,(r/rg) = %21(7’).
It follows that the curve r — (7, z,,(r)) is the homothetic of the curve
= z1(r).

We conclude with the description of the asymptotic behaviour of ~:

2(r) = /p‘l/("‘”dp,

hence the situation depends on the dimension n: if n = 2, lim,_,, z = Fo00,
while if n > 2, sup,, |2| < oo, i.e. the curve 7 is contained in a horizontal
strip {(r,z) € P,|z| < 20}, where 2 is real constant.

Remark 12. In the case n = 2, we have z(r) = rocosh™'(r/r¢) and we
recover two surfaces described in Chapter 2: if p = 0, it is the classical
catenoid (see Example 4 and Exercise 1) while if p = 1, it is the case of the
Lorentzian hyperbolic catenoid of the first kind (Section 2). For n > 3, we
may obtain explicit, but very complicated expressions of the function z(r)
in terms of elliptic functions?, but there are not necessary since we already
derived the geometric features of the curve .

3.2.4 The indefinite positive case (e,€’) = (—1,1)

Since the metric is indefinite and (/)% — (2/)? = 1, it is convenient to
introduce the ”hyperbolic angle” 6 made by the tangent vector v with
the horizontal direction, i.e. the real function 6 uniquely determined by
(r',2") = (cosh @, sinh 9). Tt follows that 14 = sinh 6 and

E = E(r,0) = sinh@r" 1.
We deduce that the projections (r,8) of the integral curves are contained

in one of the quadrants {6 > 0} and {6 < 0} of P. Moreover, since
—1/2

dz _ sinhf r2(n=1) +1
dr ~ cosh® E? ’

2For example using the on line integrator http://integrals.wolfram.com/index.jsp
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the integral [ %(p)dp is convergent at » = 0. So we may assume that
r(0) = 0 and 2z(0) = 0, and we obtain

v p2n=D) —1/2
z(r):/0< f50 —|—1> dp.

We easily check that lim, ., z = co for n = 2 and that lim, ., < oo if
n # 3. Moreover the curve v is asymptotically null at r» = 0.

Remark 13. In the case n = 2, we get z(r) = rosinh™'(r/ro) and we
recover two more surfaces described in Chapter 2: for p = 1, we fall back
to the case of the Lorentzian hyperbolic catenoid of the second kind, while
if p = 2, we get the spacelike elliptic catenoid. For n > 3, we may again
express z(r) in terms of elliptic functions.

3.2.5 The indefinite negative case (e,€¢') = (—1,—1)

Since (r")? — (2’)? = 1, the "hyperbolic angle” @ here is the real function
uniquely determined by (7, z’) = (sinh 8, cosh 6). Tt follows that v; = cosh 6
and

E(v,v") = E(r,0) = coshfr" 1.

We deduce that the projections (r,6) of the integral curves are symmetric
with respect to the line {6 = 0} and that r has a unique maximum ry :=
|E|1/("_1) at @ = 0. The curves v are also symmetric with respect to the
line {z = 0} and their upper branch corresponds to § < 0. In this case we

have, using the fact that sinh® = —+/cosh?  — 1, we have
-1/2
dz _ coshf ) pn=1\ 2 /
dr  sinh@ E
ne 1\ —1/2
—_— (1 - (i>2( U) .
To

On the other hand % ~,.,, —(ro —r)7'/2, so the integral [ 2=(p)dp is

convergent at ro. Setting r(0) = ro and z(0) = 0, we deduce:

" cosh @ ro prt 2\
Z(T):_/TO sinh@dp:/r (1_< E ) ) dp
ro 2(n—1)\ ~1/2
PO
r To
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We observe that lim,. g |2| :== 29 < 00 so the curve v is bounded. Moreover,
the tangents of v at the two end points (0, zg) and (0, —zg) become asymp-
totically null, and the corresponding leaves QZf_l,, become degenerate at
the limit. As the arc length tends to infinity, the curve, although bounded,
has infinite length and the corresponding hypersurface is complete. In the
case p = n, the compact leaves (@Z:}ﬁ1 ~ §n1 degenerate to points, so
the image of the immersion f is homeomorphic to the n-dimensional sphere
with two punctures. In the other cases, the leaves degenerate to two light
cones when r — 0, so the corresponding hypersurface is an open cylinder
(_ZQ, Z()) X 27111.

Remark 14. In the case n = 2, we get z(r) = rosin~'(r/rg): if p = 1, it
is the spacelike hyperbolic catenoid; if p = 2, the metric we are considering
is —dx? — dx% + d2, which is anti-isometric to the Minkowski metric. In

this case we get the Lorentzian elliptic catenoid since the fiber are circles
(o8 a3 =%,

3.2.6 Conclusion

We can summarize the results of this section as follows:

Theorem 13. Let S be a connected, minimal hypersurface of pseudo-
Euclidean space (R", (., .),) which is SO(p', n—p')-equivariant with p’ = p
or p— 1.Then S is up to congruence (i.e. rotation and translation) one of
the following:

(i) either an affine hyperplane,
(ii) or an open subset of a generalized catenoid

{(ra,2) € Rz e @Z,Tll, (r,z) €T},

where T := ~v(R) is the image of a complete, embedded curve v of the
half-plane P = (0,00) x R endowed with the metric dr? + edz?. The
curve 7y, which has curvature k with respect to the unit normal vector
v = (v1,1s), is solution of the equation

V1

k—(n— 1)7 =0. (3.3)

Remark 15.

(i) In the Riemannian case, only the case (e,€') = (1,1) occurs and there
is only one generalized catenoid.
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(ii) In the Minkowski case, we have to look at both cases (.,.); and (., .),.
There are however five, not six solutions: the case p = p’ = n is ex-
cluded, since the quadric Qy, ; is the empty set. There are two hyper-
surfaces with definite metric ("spacelike”) when (p’,¢,¢") = (0,—1,1)
and (p',e,¢') = (n—1,—1,—1) and the three other hypersurfaces have
Lorentzian metric (they are usually called ”timelike”). If n = 2, these
five solutions are the five catenoids described in Chapter 2.

(iii) From dimension n = 3 and beyond, the metric may be neither definite
nor Lorentzian, in which case there are exactly six different generalized
catenoids.

3.3 Equivariant minimal hypersurfaces in pseudo-space
forms

3.3.1 Totally umbilic hypersurfaces in pseudo-space
forms

n+1
p,1

ambient space. In the remainder of the chapter, we shall denote it by Q for
brevity, assuming unlikely a confusion with the set of rational numbers. In
order to simplify further notation, we consider R"*? = R"™! ¢ R with the
metric

We consider again the space form Q which from now on will be the

() = (o ) +edar s,
The space Q is endowed with the induced metric (., .), and we shall denote
by D (instead of V in the previous section) the corresponding Levi-Civita
connection. Since SO(p,n + 2 — p) acts transitively on Q, its only orbit is
the whole space Q. It is then natural to look at the action of

%(p’,n—i—l—p’) = {(]\04(1)) ’MeSO(p’,n—i—l—p')},

where p' = p — (1 — €)/2. Observe that this subgroup fixes the ”poles”
(0,...,0,+1) of Q. As we have seen in Section 3.2, the orbits of%(p’, n+1—
p') in R™2 take the form (Q} > 2)- In particular, the set Q% := (Qy) ., 2),
where ¢ := 1 — €22, is contained in Q. It is actually the intersection of Q
with the affine hyperplane

{z e R"?|(z, (0, ...,0,1)), = z}.
In the positive case p = p’ = 0,¢e = 1, the sets Q° are empty if 22 > 1 and
reduced to a point if z = £1. In all other cases Q7 are smooth hypersurfaces
of Q. Moreover, in the indefinite case p’ # 0,¢ = 1, the induced metric of
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Q7 is degenerate if z = +1. We shall exclude all these cases in the following.
Finally, we set €. := ;5 = &1. Observe that the squared norm of the two
unit normal vectors to Q% in Q is 7 := ee..

The hyperplane just mentioned before is orthogonal to a non-null di-
rection. It is natural, if the metric is indefinite, to consider also the
case of the intersection of @Q with a hyperplane orthogonal to a null
direction. The metric must be indefinite in order to enjoy null direc-
tions, and there is no loss of generality in assuming that it takes the
form (.,.)p := (.,.)p—1 — da2 4 + da?_,, according to the decomposition
R"? = R" @ R?. We then introduce, for z # 0, the horosphere:

H*:=Qn{z e R""|(z,(0,...,0,1,1)), = z}.

The next theorem shows that the totally umbilic hypersurfaces of Q are
essentially the quadrics @* and the horospheres H*:

Theorem 14. The quadric Q7 is a totally umbilic hypersurface of Q and

has constant curvature k = \/zﬂ with respect to the unit normal vector field
Cc

N(z) := (—ﬁx,n\/ lc]). In particular Q° is totally geodesic. Analogously

the horosphere H* is totally umbilic and has constant curvature k = 1 with
respect to the unit normal field N(z) := —& + %(0, ..,0,1,1). Conversely,
if S is a connected, totally umbilic hypersurface of Q, its mean curvature
is constant and S is contained is an open subset of the intersection of Q
with an affine hyperplane (a linear hyperplane if S is totally geodesic). In
particular S is, up to rotation, an open subset of one of the examples above.

Remark 16. This result holds true in dimension n = 1 and therefore
provides a classification of curves with constant curvature in the surface
forms (@12),1. One-dimensional horospheres are called horocycles.

Proof of Theorem 14. For sake of brevity, set, as in Section 3.2, r := |¢|'/2.
In particular ¢ := e.r2. A curve of Q7 takes the form Z(s) = ((s), 2), where
z(s) is a curve of Q, .. Hence the tangent vector to a point 7 := (z,z2) of
S, where z € Q) ., takes the form X = (X,0), where X € T,Q,, . and
we have T:Q° = (T, Q) ., 0). Recalling from the proof of Theorem 12 that
N := —|c|7/2z = — Lz is a unit normal vector to Q}}, .. (in R™ 1), it follows
that a unit normal vector to @* (in Q!) must take the form N = (aN,b),
with real numbers a and b satisfying

IN|2 =eca’ +eb® =1
(N,z), = —€.ar + ebz = 0.
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A suitable choice of unit normal vector is therefore N = (zN,nr) =
(—Zx,mr). It remains to calculate the corresponding shape operator, us-
ing again Theorem 12:

_ z z _
DgN = (DxzN,Dx(nr)) = —;(Dxx,()) = —;(X, 0) = —kX,

hence AgX = wX, i.e. Q% is totally umbilic, and in particular totally
geodesic for vanishing z.

We now proceed to calculate the shape operator of the horospheres.
Given a point T = (x,%pt1,Tnt2) of H® C Q C R"? with z €
R (., Jp—1), using that —z,4+1 + Xp42 = 2z and

1= |$|?)—1 —2p T = |x|f,_1 + 2(Tpt1 + Tny2),

we obtain
-1
Tnt1 = _22_21 —r(x)
Tn4+2 = —z+§ —r(z),
2
where we set r(z) := lr%‘l It follows that a parametrization of H* is
fIxR"™! - Q
(S,Z‘) = (Z‘, _2—5271 - r(x), Z+§71 - T(Z‘))

z z

If X € T,R" ! =R"! then X := (X, ST, 97 <w’X>p’1) is tangent
to H?. Next an easy calculation proves that

- _ 11 z+z71 —z+271

N :=—-z+ (0, pt ;) = (—x, —a +r(x), — + r(x))

is a unit normal vector along H* and that

_ X)), X)), _
DN = (_X, @, X)p1 {2, X0y 1) - X
z z

hence H? is totally umbilic with constant curvature x = 1.

Conversely, let S be a totally umbilic hypersurface of Q and denote by
z a point of S € Q € R™™2. Let N be one unit normal vector of S at
in Q. The hypersurface S is totally umbilic if and only if there exists some
function k(z) on S such that VxN = —kX, where V denotes the Levi-
Civita connection on § and X is any tangent vector field. We first show
that, as in Theorem 12, « is constant. Differentiating the identities Dx N =
—k(x)X and Dy N = —k(z)Y with respect to ¥ and X respectively, we
have

DnyN = —Y(K)X — /iDyX
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and
DxDyN =-X(r)Y — kDxY.
Subtracting these two equations, we get
DyDxN — DxDyN =X (k)Y —Y (k)X + k[X,Y].
Since Dix yiN = —x[X,Y], it follows that:
DyDxN — DxDyN — Dix y|N = X(r)Y =Y (k) X.

The left hand side term of this expression is nothing but the curvature
tensor RP evaluated at the triple (X, Y, N). It follows from Equation (3.1)
of Proposition 7, that

DyDxN — DxDyN — Dix y|N = (X, N),Y — (Y,N),X =0.

Hence by choosing X and Y not collinear, we get that both X (k) and Y (k)
vanish. Since § is assumed to be connected,  is constant.

We now introduce the vector field V := kx + N along S. First observe
that since S is totally umbilic, we have

DxV =kX +DxN =0,
hence V is constant on S. Moreover, we have
(V,z)p = wlz[} + (N, z), = k.

Therefore S is contained in the set {x € R"*2|(V, z),, = s} which is a linear
hyperplane of R"*2 if x vanishes, and an affine hyperplane otherwise. If
V' is non-null, we may assume, after a suitable change of coordinates, that
it takes the form V = (0,...,0,A), where A is a non-vanishing real number.
Hence

{z e R"}|(V,2), =k} = Q° with z:= ;

Suppose now that V' is a null vector. Then |V[2 = s?|z[> + [N[2 = 0,
hence 2 = —|N|? and therefore £ = 1 or —1. We may assume that x = 1,
replacing N by —N if necessary. Moreover, after a change of coordinates,
we may assume that V' takes the form V = (0,...,0, A, A), where X is a

non-vanishing real number. Hence

{z e R"2|(V,2), =1} = H* with z:= % 0
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3.3.2 Equivariant hypersurfaces in pseudo-space forms

We have described in the previous sub-section the hypersurfaces of Q which
are SO(p,n + 1 — p)-equivariant. In order to get a construction equivalent
to that done in pseudo-Euclidean space, which resulted in the description of
generalized catenoids, we consider smaller subgroups, whose non-degenerate
orbits are (n — 1)-dimensional submanifolds, and therefore, whose equi-
variant hypersurfaces will be described by a one-parameter family of such
orbits. Set

MOO

010 ]| MeSOW®,n—p)y,
001

/S\é(p/7 n— p/) :

where p € {p,p — 1,p — 2} and the metric on R"*? = R" @ R? takes the
form

(o0p =)y +€dal  +€'da? .,
with
0) o = pif (¢.") = (1,1);
!/

(ii) p' =p—1if (¢, ”) (=1,1) or (1,-1);
(iii) p' =p—2if (¢,€") = (—-1,-1).

An SO(p’, n—p')-equivariant hypersurface of Q may be locally parametrized
by an immersion of the form

fIxQut—Q
(s,2) = (r(s)a, 21 (s), 20(5)),

where
er’ 2 pel2d =1, (3.4)

where r(s), z1(s) and z2(s) are three real-valued functions defined on the
interval I, and r is assumed to be strictly positive. In other words, v(s) =
(r(s), z1(s), z2(s)) is a parametrized curve in the "right hemisphere” ¥ :=
{r > 0} N QQ,,J of the surface form @;23",1 C (R3,(.,.)pr), where p” =
p— p _ e+1

Remark 17. Unlike the case of pseudo-Euclidean space, we cannot assume
that € = 1, since replacing the metric (.,.), by (., .}n—p would result in an
immersion valued in @27_1 instead of Q.
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. . . n—1
We introduce coordinates (si,...,8,—1) in Qp ¢, so that (so :=

S, 81, ..., Sn—1) are local coordinates on IXQZ:El. Weset X; := di(0s, ), where
1

L is the canonical immersion of Q-

in R™. In particular (X7, ..., X,—1) is
a frame of tangent vectors along QZT:.

Computing
fs= (2, 21,25) and df (8s,) = (rX;,0,0),

it is easy to check that f is an immersion if and only if 4" do not vanish (and
r > 0, which we already assumed). In particular, the curve « is regular.
We claim that the geometry of the immersion f is described by that of ~
in (%,(.,.)p): denoting by g the metric on QZ:: the coefficients of the
induced metric g on I x QZ,TJ are:
goo = |’YI|;27~7 Goi =0 and gi; =17gi;.

In other words,

g= |’}//|?)//d82 + 2.
It follows that the immersion is degenerate if and only if ggg vanishes, i.e. ~y
is degenerate (null). Hence we assume from now on that «y is non-null and
that s is the arc length parameter of the curve

Moreover, denoting by v = (11,2, v3) a unit normal vector of  in X,
the Frénet equations for the curve v are (see Chapter 1, Section 1.2.3):

" = eokv
Y A——
where g = —1 if p” = 1 and ¢y = 1 otherwise (we moreover have ey =

|I/|123N |P}/I|127// = 66/61/).

We now proceed to compute the second fundamental form of f. Observe
that a unit normal vector to f is given by

N = (v1z,v9,v3).
Next we compute, using the Frénet equations:
Dy N = (vyz,vh,vy) = —k(r'z, 21, 24) = —k fs,
Dp, N = (11X,,0,0).
Hence the coefficients of the second fundamental form h of f are
hoo = —3 (Do, N,0s) = k| fs|> = Kgoo,
hoi = =g (Da,, N, 8s) = —(n1 Xy, 7'z)y = 0,

hij = —q (Dasi N, agj) = —<V1X¢,T‘Xj>p/ = —U1TGij-



Minimal hypersurfaces 75

In particular, the shape operator is diagonalisable and its principal cur-
_n

vatures are kg = x with multiplicity one and k1 = —** with multiplicity

n — 1, and the mean curvature is

1 141
H=—(r—(n-1)2). .
— (k= -1)2 (35)
Hence in order to find equivariant minimal immersions, we have to solve
k—(n— 1)% =0. (3.6)

Since the equation is formally identical to that of Euclidean case, i.e. Equa-
tion (3.3), the function E(vy,v') = v1r" ! is still a first integral of Equation
(3.6).

3.3.3 Totally geodesic and isoparametric solutions

We now discuss the existence of special solutions. The simplest solution
arises assuming that x (hence v; as well) vanishes. In particular the corres-
ponding hypersurface is totally geodesic. From Theorem 14 we know that
a geodesic of the (@12,,,71 is the intersection of the surface with a linear plane
vt the unit normal vector v of the geodesic being constant. Since here v,

L is vertical, so up to rotation in the plane (21, 22),

vanishes, this plane v
we may assume that 7 is one of the geodesics {z1 = 0} or {z2 = 0} of
Qi,,’l. The corresponding totally geodesic hypersurface is the intersection

of Q with one the hyperplanes {z,11 = 0} or {x,,42 =0} of R™H2,

We get other, more interesting special solutions assuming that r is cons-
tant (hence 14 as well). In this case v is contained in the intersection of
@;2;”,1 with an affine plane {r = 7}, where 7 is some constant to determine.
For further use we set

ci=€2l 428 =1

Hence by Theorem 14 (see also Remark 16), v has constant curvature

K = ﬁ and v1 = ny/|c|, where n := |v|2, (beware to the notations

that might be confusing: the quantity 7 corresponds to the quantity z of
Theorem 14, the first coordinate here corresponding to the last one of the
theorem). In particular, the two principal curvatures of f are constant, and
the corresponding hypersurface is isoparametric (see Exercise 2 of Chapter
1). Hence Equation (3.6) amounts to

T _(n_l)n\/|1—6772| B

- 0,
Vi :
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SO

7 =nn—1)]1 —e?|. (3.7)
In particular, we must have np = 1 i.e. the unit normal vector to 7y is positive,
which excludes the case of the hyperbolic plane p”” = 2 and leaves us with
the cases of the sphere and the de Sitter surface. Moreover, the case ¢ = —1
is excluded as well, since the equation 72 = (n — 1)|1 + 72| has no real
solution.

First case: the sphere (p” = 0).

Here,c=1—72> 0507 = 4/ "—’1 Hence the constant curvature curve ~y

solution of Equation (3.6) may be parametrized by

(\/n_l \/7cost smt>€S2

Second case: the de Sitter surface (p” = 1).
Ifc=1—-72>0, then ¥ = 1/% again and we get

-1 1
t) = <1/nn ,\/;(sinht,cosht)> € ds?.

If 1 —72 <0, then 7 = |/2=L and we get

~y(t) = < Z:; F(cosht,sinht))

but this case is excluded since it implies n = —1.

In order to discuss the general solution of Equation (3.6), it is necessary
to deal separately with the different values of the triple (e, €', ¢’). This will
be the subject of the next sections.

3.3.4 The spherical case (e,€’,€¢”) = (1,1,1)

Here ¥ is the right hemisphere S% N {r > 0} (in particular p’ = p and
"= 0). We introduce spherical coordinates on X:

~v = (r, 21, 22) = (cos 1, sin ¥ cos p, sin 1 sin ),

where 1, ¢ € R/27Z, and the orthonormal tangent frame (eq, e2) defined
by

e1:=(0,—sinp,cosp) and eq := (—sinwy,cosy cosp,cosy sin @),
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and we define # to be the angle of the tangent " with respect to the direction
e1, i.e. 0 is the R /2wZ-valued function determined by 7' = cos e1 +sin 6 es.
Since 7' = ¢’ sinte; + 1¢’es, it follows that

¢'sinth = cosf and ' =sin.

Moreover, choosing as unit normal vector v := sinfle; — cosf ez, we get
vy = sin cos 6, so finally

E = cosfsint cos" L.

From this expression we can easily draw the projections of the solution
(v,v') onto the plane (6,1), which are of three types:

(i) the vertical segment 1) = 0[r]. The corresponding solution v has energy
level £ = 0 and is a geodesic; this is the totally geodesic case;

(ii) the point (0[r], %0, ), where ¢ := arccos(y/2=1). Its energy level is
Ey := e(p). The corresponding v has constant curvature; this is the
isoparametric case discussed in the previous section;

(iii) a closed curve winding around the fixed point (0[r], o) and contained
in the open subset

{=7m/2+kr <O <7/2+kn,0<v¢<m/2},

where k € Z. Since the equation is periodic, we may assume without
loss of generality that £ = 0.

In order to understand the global properties of the curves v corresponding
to solutions of type (iii), we need to evaluate the variable ¢, which is known
implicitly via the equation ¢'siny = cosf. In particular we set ®(F) :=
fS+T ¢'(0)do, where T is the period of (,¢) and we have the following

S
result:

Lemma 6. The curve 7y corresponding to the solution of type (iii) with
energy level E is closed if and only if ®(E) takes the form ®(E) = £2,
where § € Q, and moreover has self-intersections if a # 1.

Proof. Since the domain of parametrization of v is R, its image is a closed
curve of S2 N {r > 0} if and only if + is periodic. On the one hand 1 is
periodic of period T', hence (cost,sin®) as well, and on the other one, if
O(E) = $2m, we have ¢(s + T') = o(s) + 2am, so (cos p,sin @) is periodic
of period bT. Therefore if ®(F) is rationally related to 27, the curve ~ is
periodic and its image is a closed curve. Conversely, if ®(E) ¢ 27Q, the
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curve 7(s) has no period and the set v(R) is a dense subset of SN {r > 0}
whose closure is the annulus

{(cosz/;, sin v cos p, sin 1 cos cp)| P € ( inf 9 (s), sup w(s)> } .
seR seR

We now assume that ®(E) = £2m, so that « has period b7, and we discuss
the embeddedness of y. Observe first that the function ¢ is monotone.
Moreover, if a = 1, the range of ¢ over a period of 7 is exactly 27, so the
curve makes a wind around the ”"north pole” (1,0,0) and the image of an
interval [s,s + bT] by v is a simple curve. If a # 1, the curve v makes a
winds around the north pole so intuitively v must cross itself to close up.
To give a rigorous proof of this claim, we set o(t) to be the function inverse
of ¢, i.e. such that ¢(o(t)) =t and apply the intermediate value theorem
to the function £(t) := ¥ o o(t) — 1 o o(t + 27) on an interval (¢1,t2) of R
such that ¢ oo (t1) = infser ¥(s) and ¢ 0 o(t2) = sup,er ¥(s). Since a # 1,
we have o(t +27) —o(t) ¢ bTZ, hence £(t1) < 0 and &(t2) > 0. Thus there
exists to € (¢1,t2) such that {(to) = 0. Therefore, Yoo (ty) = oo (to+ 2m),
so the curve «y has a point of self-intersection at y(o(to)) = (o (to +2m)).00

It turns out to be difficult to evaluate the quantity ®(E), but it can
be proved that it ranges an open interval, hence there are countably many

periods rationally related to 2w. On the other hand, none of them takes
the form ®(E) = 32

Proposition 8. The wariation of ¢ on a period of 1, i.e. the number
®(E), ranges the open interval (m,v/2w) and belongs to the open interval
(7, 4/ %277). Hence there is a countable family of closed solutions of Equa-

tion (3.6), all with self-intersections. The other solutions are non properly
immersed curves.

The proof requires hard computations that are omitted. The facts that
limg g, ®(E) = V27 , limg_o ®(FE) = 7 and ®(E) > 7 have been proved
in [Otsuki (1970)], while [Furuya (1971)] showed the inequality ®(F) <
\/ =127 (see also [Brito, Leite (1990)]). It is still conjectured that ®(E) <

V2.

3.3.5 The ”elliptic hyperbolic” case
(e €, 6”) =(1,-1, _1)

Here the surface X is the following model of the hyperbolic plane

{(r,21,29)|r? — 23 — 23 = 1,7 > 0} (in particular p’ = p — 2 and p” = 2).
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We introduce ”elliptic coordinates” on X:
v = (r, 21, 22) = (cosh ), sinh ¢ cos o, sinh ¢ sin ),
where 1) € (0,00), ¢ € R/27Z, and the orthonormal tangent frame (e, e2)
along (H?, (.,.)2) defined by
e1 = (0, —singp,cosp) and eg := (sinh, coshp cos p, cosh ) sin ).

Next we define 6 to be the angle of the velocity vector 7/ with respect to
(e1,€2), i.e. the R/2nZ-valued function 6 determined by 7' = cosfe; +
sin @ es. It follows that

¢’ sinhy = cosf and Y’ = sin.
Moreover, choosing as unit normal vector
v:= —sinfe; + cosbes,
we have v; = cos# sinh . Hence
E = cos 0 sinh ¢ cosh™ 1 9.

In particular the coordinate 1) has a minimum ¢y at # = 0 and the projec-
tions of the solutions (v,7’) on the plane (6,) have two unbounded ends
(0,v) — (£7/2,00). Without loss of generality, we may choose the para-
meter s in such a way that ¥y = ¢(0), and assume as well that ¢(0) = 0.
It follows that ¢ (—s) = ¢(s). Therefore, the curve v has a self-intersection
if and only if there exists sp € R such that ¢(—s) — ¢(s) € 2nZ. The
following lemma proves that this cannot happen and therefore that ~ is
embedded:

Lemma 7.

O(F) := lim ¢p(s) — lm ¢(s) <.

§— 00 S§——00

Proof. From the fact that

= Cfl—E = —#' sin 0 sinh ¢ cosh” ¢ + ¢’ cos 9% (Sinhipcosh"_1 ¥) =0,
s

we deduce that

0

0" = cos @ (cosh®) + (n — 1) sinh ¢ tanh 1)) .
On the other hand,

cos 6

o) = o) = [ oo = [ 2o
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so we conclude, using the fact that cosh) + (n — 1) sinh¢ tanh ¢ > 1,

. . > cosf
Jim p(s) = lim _¢(s) :/ sinh¢da

w/2 1
:/ 2 do
a0

w/2 do
B /W/g cosh ) 4+ (n — 1) sinh ¢ tanh ¢
<Tm O

3.3.6 The ”hyperbolic hyperbolic” case (e,€',€") =
(_1’ _17 1)

Here the surface ¥ is the right ”hemisphere” of the following model of the
hyperbolic plane {(r, 21, 22)| = 7% — 22+ 23 = 1,7 > 0}; the roles of 21 and 2,
being equivalent in the equation, the case (e, ¢’,€”) = (—1,1, —1) is similar.
We introduce ”hyperbolic coordinates” on 3i:

v = (r, 21, 22) = (sinh v, cosh ¥ sinh ¢, cosh ¥ cosh ¢),

where ¢ € (0,00) and ¢ € R, and the orthonormal tangent frame (eg, e2)
on (H?,(.,.)2) defined by

e1 := (0,coshp,sinh ) and ey := (cosh, sinh 1) sinh ¢, sinh ¥ cosh ¢).

Next we define 0 to be the angle of the tangent 4" with respect to (e1, e2),
i.e. 7/ = cosf ey +sinfes. It follows that

@' coshi) = cosf and 7' =sinb.

Moreover, choosing as unit normal vector v := —sinf e + cos 8 ea, we have
v1 = cosf coth ¢, so finally

E = cos 0 cosh ) sinh™ 1 9.

The profile of the projections of the solutions (y,7’) on the plane (6,)
is the same than in the previous case. In particular the curves ~ have
two unbounded ends. There is, however, no period problem here for the
variable ¢ since the coordinates are (sinh ¢, cosh ¢ sinh ¢, cosh ¢ cosh ): ¢
is strictly increasing and thus the corresponding curves v are embedded.
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3.3.7 The ”elliptic” de Sitter case (e,€',€"’") = (—1,1,1)

The surface is the right "hemisphere” of the de Sitter surface

{(r,21,22)| =12 + 22 + 22 = 1,7 > 0}
(in particular p’ = p—1 and p” = 1). We introduce ”elliptic coordinates”
on X:

~ = (r, 21, 22) = (sinh v, cosh ) cos p, cosh 1 sin ),
where 1 € (0,00), p € R/27Z, and the orthonormal tangent frame (e, e2)
on (dS?,(.,.)1), defined by
e1 = (0,—singp,cosp) and ez := (coshiy,sinh) cosp,sinh ) sin ).

Observe that e; is positive and e, is negative. Hence we define 6 to be the
hyperbolic angle of the tangent 4" with respect to (e, e2), i.e. the R-valued
function € determined by 7' = cosh 6 e;+sinh 6 e; or 4/ = sinh fe; +cosh fe,,
depending of whether «/ is positive or negative. It follows that

¢’ cosht) = coshf and ' =sinhé

(resp. ¢’ cosht =sinhf and ' = cosh®).
Moreover, one choice of unit normal vector is v = sinh 6 ey + coshf ey (or
v = coshfe; + sinhfes). In particular vy = sinhfcoshv (resp. v; =
cosh 8 cosh v, so finally
E = cosh cosh ) sinh" ' ¢

(resp. E = sinh 6 cosh ¢ sinh™ ! 4)).

3.3.7.1  The positive case

In this case, the range of the coordinate v is (0, 1), where v is the only
root of the equation cosh v sinh"™? 1 = E. It follows that v is contained in
the annulus {0 < r < sinhp} of the de Sitter surface, As s tends to oo,
the curve approaches the equator {r = 0} of X, while its velocity becomes
asymptotically null and the arc length tends to infinity. As in Section 3.3.5,
the embeddedness of v follows from an estimation of the total variation of
the angle .

Lemma 8.

®(E) := |lim p(s) — lim ¢(s)| <.
Proof. By a standard computation, one shows that ®'(F) > 0. On the other

hand, we have limp_.oc ®(E) =2 [© % = 7, and the claims follows. O
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Therefore, the curve v touches the equator at two end-points. At these
two points the corresponding hypersurface becomes degenerate. This situ-
ation is similar to that of Section 3.2.5.

3.3.7.2 The negative case

Here, the coordinate ¢ is monotone, so the solutions v are embedded as
well. The projections of the curves (v,7’) on the plane (6,4) have two
unbounded ends (6,1) — (00,0) and (8,1) — (0,00). Moreover, the total
variation of ¢ is estimated as follows:

[ee] /
lim (s) — lm ¢(s) = ﬁah[z
§—00 S§——00 0

w/
_/°° dv_ (|, coshusinh™ 'y 172
~Jo coshi) E?
< / dv
— Jo coshy
< /2.

In particular the curve v is embedded and contained in a ”quadrant” {@g <
¢ < o+ 5} of the de Sitter surface. Moreover the curve + has a null end-
point at the equator {r = 0} of the de Sitter surface, and an unbounded
end asymptotic to a vertical geodesic. This situation is similar to that of
Section 3.2.4.

3.3.8 The "hyperbolic” de Sitter case (e,€’,€’) = (1,—1,1)

Here the surface is the right “hemisphere” of the de Sitter surface
{(r,21,20)|r? — 2} + 25 = 1,7 > 0} (in particular p’ = p — 1 and p” = 1).
Since the roles of z; and 2o are equivalent in the equation, the case
(e,¢',€”") = (1,1,—1) is similar.

3.3.8.1 The region {|z1| > |22|}

We introduce ”hyperbolic coordinates” in the region {|z1] > |22|}
v = (r, 21, 22) = (cosh ), sinh 9 cosh ¢, sinh ¢ sinh ¢),
where ¢, ¢ € R, and the orthonormal frame (e1, e5) on (dS?, {.,.);) defined
by
e1 = (0,sinh ¢, coshp) and ey := (sinh ), cosh) cosh ¢, cosh ¢ sinh ).
As done before we consider the hyperbolic angle of 4/, i.e. the angle function
0 defined by v/ = cosh 6 ey +sinh f es or 4/ = sinh fe; + cosh fes, depending
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on whether + is positive or negative. It follows that

, _ coshf P
o= Snh o and ¢’ =sinh6
, sinhd ,
3 = = cosh |.
(rebp o= ” and ¢’ = cos 0)

Moreover, choosing as unit normal vector v := sinhf e; + cosh 6 ea, (resp.
v := coshfe; + sinh f e, we obtain
E = cosh#sinh ) cosh" ' ¢
(resp. E = sinh # sinh ¢ cosh”" ! 4)).

The profile of the projections of the curves solutions (7y,7’) on the plane
(0,%) are similar (and even identical if n = 2) to the elliptic de Sitter case
(Section 3.3.7), however here the coordinate ¢ is a hyperbolic angle rather
than a circular one. Moreover, analogous computations show that the total
variation of ¢ is infinite. Hence both in the positive and negative cases, the
solutions v are embedded curves with two unbounded ends.

3.3.8.2  The region {|z1| < |22|}
We introduce other coordinates in the region {|z1| < |22|}

v = (r, 21, 22) = (cos 1, sin ¢ sinh ¢, sin ¢ cosh ¢),

where ¢ € (—7/2,7/2) and ¢ € R, and the orthonormal frame (eq, e2) on
(dS?,(.,.)1) defined by

e1 := (0,coshp,sinh ) and ey := (—sin, costp sinh g, cos 1 cosh p).
The hyperbolic angle 6 of v/ is defined by ' = sinhfe; + coshfey or

~" = cosh fle; + sinh fesy, depending of whether ~' is positive or negative. It

follows that
sinh 6

o == and 1)’ = coshé
sin
sh
(resp. o = =2 f and ¢’ = sinh 0).
sin

With the following choice of unit normal vector v := coshfe; + sinh 6 ey,
(resp. v :=sinh § e; + cosh 6 ea, we obtain
E = —sinh #sint cos™ 4
(resp. E = — coshfsin cos™ 1 ).
In the positive case, 1 is monotone and ranges the open interval (0,7/2).

Due to the symmetry of the problem, we may assume that § > 0, and
the projection of v on the plane (0,v) has two unbounded ends (6,%) —
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(00,0) and (0,¢) — (00, 7/2), at which the total variation of ¢ is infinite.
Therefore the solutions v are embedded curves with two unbounded ends.

In the negative case, the profile of the projections of the solutions (v, ")
on the plane (6,1) are analogous to the spherical case (Section 3.3.4). There

is: (i) a fixed point (0,%y), where 1 := arccos(y/21). Its energy level
is Eg := e(¢). The corresponding v has constant curvature; this is the
isoparametric case discussed in Section 3.3.3; and (ii) a one-parameter fam-
ily of closed curves winding around the fixed point (0, ¢g). However, unlike
the spherical case, there is no period problem to study here: since the co-
ordinate ¢ is a hyperbolic angle and is strictly monotone and periodic, its
total variation is again infinite and the solutions v are embedded curves
with two unbounded ends.

3.3.9 Conclusion

Theorem 15. Let S be a connected, minimal hypersurface of the space
form Q"+1 which is SO(p',n — p')-equivariant, with p' € {p,p — 1,p — 2}.
Then S is congruent to an open subset of one the following

"L oith a

(i) a totally geodesic hypersurface QY i.e. the intersection of Q,1
linear hyperplane of R™ 2, as described in Theorem 1;

(i) the isoparametric Cartesian products
\/7(@ X 4/ nT_l{(cost, sint)|t € R/2xZ} C (R™, (,,.)p) @ (R?, (., .)o),

\/>Qp 11 % /=2 {(sinht,cosht)|t € R} C (R™, (., .)p—1) ® (R? (., )1);
(iii) a generalized catenoid
{(rx 21,29) € (@"+1|x € Qp Sy =(rz1,22) € F},

where T' := y(R) is the image of a curve 7y of the surface % := Q?)HJ N
{r >0}, withp” =p—p' — 6“, endowed with the metric edr®+¢€'dz? +
€22 of signature (p”,2—p"). The curve v, which has curvature k with
respect to the unit normal vector v = (v1,va,v3), is solution of the

equation

k—(n— 1)% =0. (3.6)

In the spherical case ¥ = S* N {r > 0}, this equation has a countable
family of closed solutions, all of them with cross intersections. The
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corresponding generalized catenoids are therefore never embedded. In
the Riemannian case p = 0, these hypersurfaces are moreover com-
pact. The other spherical solutions of Equation (3.6) are not properly
immersed in Y. and their images are dense in an open subset of 2. The
corresponding catenoids have a dense image in @Z’J{l
In all the other cases, Equation (3.6) has a one-parameter family of

solutions which are complete and embedded curves of X, with two ends

as well.

which are either a null end-point or an unbounded end. Therefore

the corresponding generalized catenoids are complete and embedded

hypersurfaces of (@Zjl .

Remark 18.

(i)

(iii)

When p/ = 0, the ambient manifold is the sphere S"*', and only
the case (e,€',¢’) = (1,1,1) occurs; the corresponding hypersurfaces
are SO(n)-equivariant and therefore foliated by (n — 1)-spheres; the
generating curves are spherical curves. This case has been treated for
the first time in [Otsuki (1970)] (cf also [Furuya (1971)], [Brito, Leite
(1990))).

In the case of the hyperbolic space H", there are two families of mi-
nimal equivariant hypersurfaces. If (¢,¢,¢”) = (1,—1,—1), the cor-
responding hypersurfaces are SO(n — 1, 1)-equivariant and foliated by
(n — 1)-dimensional hyperbolic spaces. If (¢,€¢,€¢”) = (—1,—1,1), the
corresponding hypersurfaces are SO(n)-equivariant and foliated by
(n — 1)-spheres; in both cases the generating curves are hyperbolic
curves and of course the induced metric is definite.

In the case of the de Sitter space dS™*!
solutions. If (e,€,€¢”) = (1,1,1), the corresponding hypersurfaces are
SO(1,n —1)-equivariant and foliated by (n — 1)-dimensional de Sitter-
type quadrics while the generating curve is spherical and the induced
metric is Lorentzian. The cases (¢, €’,€¢”) = (1,—1,—1) and (-1,—-1,1)
do not occur. If (¢,€,€’) = (—1,1,1), the corresponding hypersur-
faces are SO(1,n — 1)-equivariant and foliated by (n — 1)-hyperbolic
spaces. The generating curve lies in the de Sitter surface dS? and may

, there are seven families of

be positive or negative. In the first case, the induced metric on the
corresponding hypersurface is definite, while it is Lorentzian in the
second one. Finally, if (e,€,¢”) = (1,—1, 1), the corresponding hyper-
surfaces are SO(n)-equivariant and foliated by (n — 1)-spheres. There
are four types of generating curves, lying in the de Sitter surface dS?,
two positives or two negatives. Again, the induced metric is definite
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or Lorentzian depending or whether the generating curve is positive
or negative.

We recall that dS® and AdS?® are anti-isometric and therefore have the
same geometry. For n > 2, there are eight families of solutions in the
anti de Sitter space AdS™!, four of them with Lorentzian induced
metric and four of them with definite induced metric.

For n > 3 and p ¢ {0,1,n — 1,n} all the possible cases do occur and
there are nine families of solutions. This is for example the case for
the quadric Q3 which has neutral metric with signature (2, 2).

Exercises

The Ricci curvature of a pseudo-Riemannian metric g is defined to be
the trace of its curvature tensor, i.e.

Ric(X,Y) = Zeig(R(ei, X)Y, e;),

where e; is an orthonormal basis with g(e;,e;) = €¢;. The metric g is
said to be Finstein if there exists a constant A such that Ric = Ag.
Prove that the induced metric of Q, ; is Einstein (use Proposition 7).
Let €1,€5 = 1 or —1 and n; and ns two integers such that nq+ns = n—1.
Show that the map

f I x in % Qn2 N RnlJrl o anJrl — RnJrl

pP1,€1 p2,€2
(s,2,9) = (m(s)za(s)y),
where v(s) = (71(8),72(s)) is a regular curve in the quadrant

{(n,72) € RQ‘ 71 > 0,72 > 0} is a non-degenerate immersion with
respect to the pseudo-Riemannian metric (., )p,4ps = (-, -)pr ® (s Jps
of R™. Write the condition of 7 insuring that f is minimal with respect
to (., .)p,+ps- These examples were studied in the Riemannian case in
[Alencar (1993)] and [Alencar, Barros, Palmas, Reyes, Santos (2005)].
(Polar hypersurfaces) Let f be an immersion of an n-dimensional, ori-
entable manifold S in QZjl and N a unit normal field along S := f(S).
Set € := |N|12,. The smooth map f: S — (@Zil defined by f = No f~!
is called the polar of f.

(i) Prove that f is an immersion if and only if the second fundamental
form hy of f has maximal rank. From now on we assume that it
is the case and we set S := f(S);

(ii) Prove that the polar of the polar of f is f itself;
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(iii) Assume that n = 2. Prove that S is minimal if and only if S is
minimal; show by an example that it is not true in higher dimen-
sion;

(iv) Prove that if f is isoparametric, so is f (see Exercise 2, Chapter 1);

(v) Prove that if f is austere, so is f (see Exercise 2, Chapter 1).

(4) (Parallel hypersurfaces) Using the same notations than in the previous
exercise, we set

fo:=cosOf+sinff if e=1,

fo:=coshf f +sinhf f if e=—1.

(i) Prove that there exists §p such that fp is an immersion V0, 0 €

(—00,0p), and that if f is an immersion, then fj is an immersion
Vo € R;

(ii) Prove that if f is austere (respectively isoparametric), so is fy.
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Chapter 4

Pseudo-Kahler manifolds

In this chapter we describe a special class of pseudo-Riemannian manifolds
of even dimension, namely the pseudo-Kéhler manifolds. In the positive
case, we recover the well-known concept of a Kdhler manifold. We first
describe the pseudo-Kahler structures of the complex space and then give
the general definition, which is modeled on it. We then introduce the
most natural examples of pseudo-Kéhler manifolds, the complex pseudo-
Riemannian space forms. We conclude the chapter with a more elaborate
construction: we show that the tangent bundle of a pseudo-Kéhler mani-
fold enjoys itself a pseudo-Kéahler structure. In Chapter 5 we shall discuss
several classes of minimal submanifolds in any of these types of pseudo-
Kahler manifolds.

4.1 The complex pseudo-Euclidean space

Consider the complex space C" with coordinates {z; = z;+iy;,1 < j < n}.
This space may be identified in the obvious way with the real space R*™. The
complex structure J of C™ is the endomorphism obtained by multiplying
all the coefficients of a vectors by the scalar i:
J(21, ey 2n) = (121, ey i2n).
In real notations, we have
(X1, Y1y ooy Ty Yn) = (— Y15, X1y eeey — Yy Tir)-
The most important property of J is that its square is minus the identity:
J? = —Id.
Next introduce the ”pseudo-Hermitian form of signature (p,n — p)”:

p n
(o Np ==Y dzdz; + > dzdz;.
j=1

Jj=p+1

89
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This is a complex-valued two-form whose real and imaginary parts, hence
two real-valued forms, are of great importance:

(i) the two-form

P n
(2 2p = Re () = =D _ldz [P+ Y |dz?
=1 j=pt1
p n
= — (dx? + dy?) + Z (dx? + dyf)
j=1 j=p+1

is nothing but the canonical pseudo-Riemannian metric of signature
(2p,2(n —p)) in R?", as considered in the previous chapters;
(i) the two-form

. P n
wp = —Tm ((.,.)), :% =N dziAdz+ Y dz Adz

Jj=1 Jj=p+1
P n
:—dej/\dyj+ Z dx; N dy;
Jj=1 Jj=p+1

is alternate and closed; such a form is called symplectic.

There are several algebraic relations between the complex structure J, the
metric g and the symplectic form w:

(T Do = (0 Yy wp( e, J) = wy

wp = (J., )2p (o Yop = —wp(J.,.).

The group of linear transformations of C™ which preserve the Hermitian
product ((.,.))p (hence both the metric and the symplectic form) will be
denoted by

U(p,n—p) = {M € GUC")| ((MX,MY)), = ((X,Y)),}.

We end this section introducing an additional structure on C™ which will
be important in the next two chapters. The holomorphic volume form of
C™ is the complex-valued n form

Q:=dz1 N... Ndz,.

In other words, evaluating Q(X7, ..., X,,), where X1, ..., X,, are n vectors of
C™ is nothing but calculating the determinant of the n x n matrix whose
columns are the (complex) coordinates of the vectors X7, ..., X,,.
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4.2 The general definition

A pseudo-Kdhler manifold is a differentiable manifold (M, J, g,w) of even
dimension 2n equipped with the three following structures, satisfying fur-
thermore a set of algebraic and analytical conditions:

(i) an almost complex structure, i.e. a (1, 1) tensor J, satisfying J? = —1Id;
(ii) a non-degenerate, bilinear two-form g, i.e. a pseudo-Riemannian me-
tric;
(iii) a non-degenerate, alternate form w.

The algebraic conditions that we require are the following: first, the three
structures just defined must be related by the formula

w=g(J,.).

Hence w is completely determined by J and g. Since J? = —Id, this formula
is equivalent to

g = _w(‘]'7 ')a

so similarly g is determined by J and w. Moreover, since g is non-degenerate,
and recalling Remark 1 of Chapter 1, any one of these two formulae shows
that J is determined by g and w. Hence, any two of those three structures
determine the last one.

We furthermore require that g is Hermitian with respect to J, i.e. J is
an isometry of ¢:

g(J,J)=g
Clearly it is equivalent to the fact that
w(J.,J) =

The analytical conditions are:

(i) the almost complex structure J is actually a complex structure. This
means that there exists an atlas of holomorphic charts ¢y : U — C™
on M, ie. if UNU’ # (), the diffeomorphism ¢U o (bU, is holomorphlc
in C", and J is defined locally by d¢y o J = J o d¢y, where here J
denotes the canonical complex structure of C™ introduced in Section
4.1; the fact that ¢y o ¢5,1 is holomorphic implies that the definition
of J is independent of the local chart ¢y considered;

(ii) the form w defines a symplectic structure, i.e. is closed.
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Hence a pseudo-Kéhler manifold is both a pseudo-Riemannian manifold,
a complex manifold and a symplectic manifold. Because of the pseudo-
Riemannian structure, all the concepts introduced in Chapter 1 are rele-
vant here and in particular pseudo-Kéahler manifolds enjoy minimal sub-
manifolds. In the next chapter we shall study the minimality condition for
some classes of submanifolds which have a special behaviour with respect
to the two other structures, the complex and the symplectic ones.

It may be sometimes difficult to check practically whether condition (i)
above is satisfied or not. Fortunately, given an almost complex structure,
there is a simple property, involving the bracket of vector fields, which
turns out to be equivalent to the fact that J is a complex structure. This
difficult theorem has been proved in [Newlander, Nirenberg (1957)] (cf also
[Hoérmander (1990)]):

Theorem 16. An almost complex structure J is actually complex if and
only if the following quantity, called the Nijenhuis tensor, vanishes:

NY(X,Y):=[X,Y]+ J[JX, Y]+ J[X,JY] - [JX,JY].

We have seen in Chapter 1 that a pseudo-Riemannian structure admits a
canonical connection, the Levi-Civita connection. The next theorem pro-
vides a simple criterion to check whether a manifold is pseudo-Kahler:

Theorem 17. Let M be a manifold equipped with an almost complex struc-
ture J and a pseudo-Riemannian metric g which s Hermitian with respect
to J. Then, setting w = g(J.,.), the quadruple (M, J,g,w) is a pseudo-
Kdhler manifold if and only if J is parallel with respect to the Levi-Clivita
connection of g, i.e. VxJ =0,VX € TM.

The proof of this theorem requires two technical lemmas:

Lemma 9. Given a vector field X, the operator Y — (VxJ)Y is skew-
symmetric with respect to the metric g, i.e. the following formula holds:

9(Vx )Y, 2) +9(Z,(VxJ)Y) = 0.
Moreover, the operators J and Y — (VxJ)Y anti-commute, i.e.
J(Vx )Y + (VxJ)JY =0.

Proof. Fix a point x of M and two vectors X,Y € T, M. By an argu-
ment similar to that of Lemma 2, Chapter 1, we can extend X and Y
in a neighbourhood of z to vector fields, denoted again by X and Y such
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VxY(x) = 0. We first use the fact that J is skew-symmetric, differentiating
the identity ¢g(Y,JY) = 0 in the direction X:

g(VxY,JY) + (Y, (Vx )Y) + g(Y, J(VxY)) = g(Y, (Vx J)Y) = 0.

Therefore g(Y + Z,(VxJ)(Y + Z)) = 0, which gives, using the bilinearity
of g, the first assertion.

The second assertion follows from a simple calculation. On the one hand
we have:

J(VxJJ)Y = J(Vx(JY) = J(VxY)) = JVx(JY) + VxY,
while, on the other hand,

(Vx)(JY)=Vx(J(JY)) = JVx(JY) ==-VxY — JVx(JY).
Hence J and V xJ anti-commute. O
Lemma 10. The Nijenhuis tensor N7 vanishes if and only if

(VixJ)Y = J(VxJ)Y,VX,Y € TM. (4.1)

Proof. Fix a point z of M and two vector fields X and Y such VxY (z)
vanishes. In particular Vy (JX)(x) = (Vy J)X (z). Therefore, we have
NY(X,Y) = [X, Y]+ JJX,Y] + J[X,JY] - [JX,JY]
=—J(VyNX +J(Vx)Y = (Vyx )Y + (Vyy )X
= —((Vyx )Y = J(Vx)Y) + (Voy )X — J(Vy J)X).

Hence, if Equation (4.1) holds, N7 must vanish. Conversely, sup-
pose that N7 vanishes and introduce the tri-linear form 71(X,Y,7) :=
9g(Vyx )Y, Z)—g(J(VxJ)Y, Z). From the computation above we deduce
that the vanishing N7 is equivalent to

(X, Y, Z)=T(Y, X, Z). (4.2)
On the other hand, by Lemma 9,
WX, Y, Z)+Th(X,Z,Y)=0. (4.3)
The combination of Equations (4.2) and (4.3) gives:
TW(X,Y,Z)=-T1(Y, Z,X). (4.4)
Therefore, iterating the circular permutation of entries, we get
(XY, 2)=-TW(Y,Z,X)=T1(Z,X,Y)=-T1(X,Y, 2),

hence T vanishes identically, i.e. Equation (4.1) holds. O
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Proof of Theorem 17. Assume first that J is parallel. By Lemma 10, it
follows that N7 vanishes, and therefore (M, .J) is complex. Moreover, from
the identity w = g(J.,.) and the fact that g is parallel we obtain that w is
parallel as well, so in particular closed. Therefore (M, J, g,w) is a pseudo-
Kéhler manifold. Conversely, assume that (M, J, g,w) is pseudo-Kéahler.
The fact that J is parallel with respect to g is equivalent to the fact that
the tri-linear form T»(X,Y, Z) := g((VxJ)Y, Z) vanishes. To check that
this is indeed the case, we first observe that, by Lemma 9,

To(X,Y,JZ) =Ts(X,JY, Z). (4.5)
Also, we have, by Equation (4.1),
To(JX,Y,Z)+ To(X,Y,JZ) = 0. (4.6)

Therefore, To(JX,Y, Z) +T2(X, JY, Z) vanishes. To conclude, we consider
again three vector fields X, Y and Z whose mutual covariant derivatives
all vanish at x, and we use the fact that w is closed, getting

0=dw(X,Y,2) = X (w(Y,2)) = Y (w(X, 2)) + Z(w(X,Y))
—w([X,Y],Z)—Hu([X,Z},Y) —w([Y,Z],X)
=X(9(JY,2)) =Y (9(JX,2)) + Z(9(JX,Y))
:TQ(XaYaZ)_TQ(YaXaZ)+T2(ZaXaY)
Applying this formula to the triples (X,Y,JZ) and (X, JY, Z), we get
To(X, Y, JZ) - To(Y, X, JZ)+ T2 (JZ,X,Y) =0
and

To(X,JY, Z) — To(JY, X, Z) + To(Z, X, JY) = 0.

Summing these two equations and taking Equations (4.5) and (4.6) into
account, we get that 275(X,Y, JZ) vanishes, and therefore J is parallel. [

Of course the simplest example of pseudo-Kéahler structure is the
quadruple (C", J, (., .)p,wp) described in the previous section. Another sim-
ple but important example is the following:

Proposition 9. Let (3, g) be an oriented Riemannian surface. Denote by
J the rotation of angle w/2 in TS and set w := g(j.,.). Then the quadruple
(2,7,9,w) is a pseudo-Kdhler manifold.
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Proof. Tt follows from the existence of isothermic coordinates (Theorem 6
of Chapter 2): suppose we are given isothermic coordinates (s, t) such that
the basis (95, 0;) is positively oriented. Then j is defined by jOs = 9 and
jOy = —0s. Hence the corresponding chart ¢y : U — X, where U is an open
subset of R? ~ C satisfies d¢ o J = j o d¢. Therefore, given two systems of
local coordinates (s,t) and (s',t') and ¢y : U — 3 and ¢y : U — X, the
map ¢y o ngE,l is holomorphic. Moreover, since ¥ is two-dimensional, any
alternated two-form is closed, hence the form w = g(j.,.), is symplectic and
the proof is complete. O

Remark 19. A more direct but lengthier proof of Theorem 9 consists of
using Theorem 17 and checking that j is parallel, i.e. Vj = 0. Since the
intermediary calculation will be useful later, we give some detail here: using
Koszul formula, we find that

Vo,0s = rs0s — 110,
Vo,0s = Vg, 0p = 1105 + 13504,
Vo,0r = —150s + 110 .
Therefore, we get
Vo.j0s = jVo.0s,  Va,jd = jVa,0,

Vo,j0s = jVs,0s, Vo,j0t = jVoa, 0.
By linearity, it follows that VxjY = jVxY, ie. Vj =0.

The remainder of the chapter is devoted to the description of two other
examples pseudo-Kéahler manifolds.

4.3 Complex space forms

We recall that J denotes the complex structure of the complex Euclidean
space C"*1. The set of complex lines of C"*! is denoted by CP™ and called
complex projective space. In "real” terms, the complex lines are simply
the two-dimensional linear subspaces of C"™! which are J-invariant. It
is a classical result that CP™ admits a canonical complex structure (see
[Moroianu (2007)]). We shall see a proof of this fact in a moment.
Consider now the pseudo-Hermitian form ((.,.)), of signature (p,n +
1 —p) introduced in Section 4.1. As J is an isometry for the metric (., .)2,,
the induced metric on a complex line span(X, JX) is either positive, neg-
ative or totally null. We denote by CP} (resp. CP, _, CP},) the sets
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of positive (resp. negative, resp. null) complex lines of C"**. We have of
course CPy = CP" and CPj _ = 0. Since the transformation of crtt
T 0 (21, 0y Zps Zpt1y oos Zng1) — (Zpt1s-os Zntis 21, -0, 2p) induces an anti-
isometry of CPy;,,_,  onto CP}, we shall restrict our study to the set
of positive lines. In particular, we shall call CPP]. the complex hyperbolic
space and denote it by CH", although the usual (equivalent) definition is
CH" = CPY _. In analogy with the space forms of Chapter 3, we propose
the terminology complex de Sitter space for CPT and complex anti de Sitter
space for CP'_,. We shall show that all these sets enjoy a pseudo-Ké&hler
structure. For this purpose we consider again the space form introduced in

Chapter 2:
(@%Zjl ={ze€ crHl, (z,2)9p = 1}.

For sake of brevity, we set Q := Qggjl. Observe that the map z — Jz
defines a tangent vector field on Q (the Reeb field), whose orbits § —
cosfz +sinf Jz := exp(J0)z are closed, and are exactly the intersection
of a complex line span(z, Jz) with Q. On the other hand, any element of
CPj, intersects Q.

Hence the set CPZ can be identified with the quotient of @Q by the
equivalence relation ~ defined by

02 =cosfz+sinb Jz.

z~ 72 o360 st 2 =é

We shall denote by 7 the canonical projection (called Hopf projection):
m:Q — CP}.

We now introduce a fundamental object: the hyperplane distribution
(Jz)t = drn ' (Tr()CP}). These hyperplanes of TQ, which are J-invariant
(in ”complex” terms, they are complex linear hyperspaces of C"™1), will
allow us describe the geometry of CP;. Observe that given a vector field
X on CPP}, there exists a unique vector field X on Q, called horizontal lift,
such that

dn(X)(z) = X(n(2)) and X (z) € (J2)*, ¥z € Q.

We are now in position to define three structures on (C]P’Z:

(i) an almost complex structure J defined by
IX :=drn(JX);
(ii) a pseudo-Riemannian metric G defined by
G(X,Y) 1= (X, V)apias
(The projection 7 is then said to be pseudo-Riemannian submersion
from (Q, (., .)2p+2) to ((CPZ,G));
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(iii) the natural alternated two-form w := G(J.,.). Of course it is equivalent
to set w(X,Y) = w,(X,Y).

The set of algebraic conditions that the triple (J, G, @) must satisfy is easy
to check and left to the reader. Observe furthermore that the signature
of G is (2p,2(n — p)). In particular the classical complex projective space
CP{ and the complex hyperbolic space CH"™ = CP], have a definite metric.
In the first case, the metric G is called Fubini-Study metric. We shall give
an alternative description of the 2-dimensional spaces CP! and CH' in
Section 4.3.1. The 4-dimensional space CPP7 has neutral signature (2,2).

Our next task is to describe the Levi-Civita connection of G that we
denote by V€. Among other things, this will useful in order to establish
that (CP},J,G,w) is pseudo-Kéhler. We denote by D the Levi-Civita
connection of the induced metric of Q.

Proposition 10. Let X and Y two tangent vector fields of CP;;. We have

DY =V§Y +w(Y, X)J. (4.7)
Proof. Given to tangent vector fields X and Y on CP}, we have
G(X, Y) o = <X, Y/>2p+2.

On the other hand we may check that [X,Y] = [X,Y]. Hence, using Koszul
formula (see Lemma 1 of Chapter 1) we get:

2G(VLY, Z) = X(G(Y, 2)) + Y(G(X, 2)) — Z(G(X,Y))
+G([X,Y],Z) - G([X, Z],Y) — G([Y, Z], X)
= X((Y, Z)aps2) + Y ((X, Z)ops2) — Z((X,Y)ops2)
<[X Y], Z)opto = ([X, Z), Y )apsa — ([V, Z), X)opio

It follows that
V&Y =dr(DgY). (4.8)

It remains to calculate the vertical part of D XY i.e. its component in the
direction Jz. For this purpose we differentiate the identity (Y, Jz)apt2 =0
in the direction X, getting

<D5(§~/, J2)opta + <§~/, JX>2P+2 =0.

Hence

(DY, J2)apra = —(Y,JX)apio = G(X,IY) = w(Y, X). (4.9)
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Putting Equations (4.8) and (4.9) together, and taking into account that
|J2]3, 2 = 1 yield Equation (4.7). O

Theorem 18. ((C]P’Z,J,(G,w) s a pseudo-Kahler manifold.

Proof. According to Theorem 17, it is sufficient to prove that, given two
vector fields X and Y of (C}P’Z, we have VxJY = JVxY. Using Proposition
10, the fact that J is parallel with respect to D and the definition of J, we
have
VxIY = drn(D3IY) = dr(Dg JY)
= dn(JD3gY) =Jdn(D3Y) = JVxY. O
Theorem 19. The curvature tensor RY of the Levi-Civita connection V©
of G is given by the formula
RY(X,Y)Z =G(X,2)Y -G(Y, Z2) X +G(IX, Z2)JY —GY, Z)IX. (4.10)

Proof. Let X,Y and Z three vector fields on CPy. By Equation (4.7) we
have

D32 =V%Z+w(Z,X)J2=V%Z +w,(Z,X)Jz.
It follows that
DyDyZ = DyV§.Z + Dy (wp(Z, X)Jz)

=VeVSZ +w,(V$Z,Y) ]z
+ ?(wp(z,j()).]z +wp(Z,X)JY,

hence

dr(Dy D3 Z) = V$V$ Z + w(Z, X)IY.
Analogously

dn(Dg Dy Z) = VSV Z + w(Z,Y)IX.
Moreover,

Doy Z = Vi Z + w2, [X. V)=

Using the fact that
dn(RP(X,Y)Z) = dr(Dy D3 Z) — dw(D Dy Z) + dn(Dx $12),
we deduce that
RY(X,Y)Z =V§VSZ - VSVSZ + Vi Z
= dn(RP(X,Y)2) + w(Z,Y)IX — w(Z,X)]Y.
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On the other hand, we have seen in Chapter 3 (Proposition 7) that
RP(X,Y)Z = (X, Z)ops2Y = (Y, Z)2psa X,
so that
dn(RP(X,Y)Z) = G(X,2)Y —G(Y, Z)X.
It follows that
RY(X,Y)Z =G(X,2)Y —G(Y,2)X +G(JZ,Y)IX — G(JZ, X)IY,

which is the required formula. O

4.3.1 The case of dimension n =1

It turns out that the two complex space forms of (complex) dimension one,
i.e. CP' and CH', enjoy an alternative description, quite more explicit:
they actually are isometric, up to scaling, to the two definite space forms
of (real) dimension two, i.e. the sphere and the hyperbolic plane. This fact
will be very useful in the next chapter. In order to deal simultaneously with
the two cases, we adopt a notation similar to that of Section 3.3 of Chapter
3 and let € to be 1 or —1, set p = 1 — € and consider the quadric

Gui= {oronalet + (a3 +3) = 1 }.
equipped with the orientation induced from the canonical orientation of R3.
It is not difficult to check that the corresponding complex structure j, (see
Theorem 9 in Section 2 of this chapter) takes the following coordinate-free
form: jX := e2x x X, where X is a tangent vector to Qf,,l/4 at the point
z, and x denotes the exterior product (vectorial product) of R®, defined by
the formula: (u X v,w)1_, = det(u, v, w).

Moreover, we adopt for brevity the notation x; + ix2. Finally, we intro-
duce the map

. 3 2
Te: N¥p1 Qp,1/4

1 _
(21,22) — 3 ((—e|21|2 + |22]?), 22122).
Since 7 (e 2y, e 29) = 7 (21, 22) and 7. is onto, the map m om ! : C]P’Il7 —
Q;l /1 1s well defined and one to one. Moreover, given a tangent vector
X = (X1,X3) on @2’1 at the point z = (21, 22), we have (X, z), =0. If X
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is horizontal, we also have (X, Jz), = 0, and hence ((X,z)), = eX17z1 +
Xo97zy = 0. It follows that

dre(X1, X2) = %((—6215(1 — ez X1+ 2Xo + 22X5),2(21 X2 + X152))
= ( —e21 X1 + 20X2, 21 Xo + X152)-
Therefore, using the fact that e|z1]? + |22]? = 1, we get
|dre (X)) = el X1* + | Xa|* = | X[} = G(dn(X), dn(X)).

By the polarization formula 2(X,Y), = [X + Y|2 — |X|2 — [Y'|2, it follows
that 7. o m~! is an isometry between (CP', G) and (%Sz, (.,.)0) on the one
hand, and between (CH',G) on (%HQ, {.,.)2) on the other hand.

Finally, since dm¢(JX) is orthogonal to dm.(X) and Tﬂ(z)Qf,JM is 2-
dimensional, we have dr.(JX) = £jdr.(X). It remains to check that we
have actually dm.(JX) = jdme(X). The tangent bundle TQ;1 is simply
connected, so by a continuity argument, it is sufficient to check that this is
true at a given pair (z, X) of T@fm, for example z = (1,0) and X = (0, 1).
This is a straightforward computation.

4.4 The tangent bundle of a pseudo-Kihler manifold

In this section, we describe the construction, recently uncovered in [Guil-
foyle, Klingenberg (2005)], [Guilfoyle, Klingenberg (2008)] (see also [Anci-
aux, Guilfoyle, Romon (2009)]), of a pseudo-Kéahler structure on the tan-
gent bundle of a manifold M which is equipped itself with a pseudo-Kéahler
metric. We shall proceed in several steps, underlying at each one which
structure of M is necessary to get a given structure on T M. Along the
process, we shall also describe the Sasaki metric, which is canonically de-
fined on the tangent bundle of a pseudo-Riemannian manifold.

4.4.1 The canonical symplectic structure of the
cotangent bundle T* M

It is a very important fact that given any differentiable manifold M, its
cotangent bundle T* M enjoys a canonical symplectic structure. We insist
on the fact that this structure depends only on the differentiable structure
of M.

We first define on T* M the canonical Liouville form « as follows: let
7 T*M — M, (z,€) — x the canonical projection. Its differential dr*
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maps TT* M to T M. For a tangent vector X at some point (x, &) of T* M,
we set

a(X) := {(dm(X)).

The only difficult issue is to check that the object defined by the equation
above is actually a one-form on T*M! We now define the canonical sym-
plectic form w* on T* M by setting w* := —da. This is thus a closed 2-form,
and to prove that it actually defines a symplectic structure on T*M, we
only have to prove that it is non-degenerate. The simplest way to do so is
introducing coordinates on M, which shall prove useful for other purposes
later. So, considering local coordinates (g1, ..., gn) on M, a one-form takes
the following form: &(z) = Y_;_, px(x)dqs, where p1, ..., p, are n real func-
tions. Hence (q1, ..., ¢n,P1, .-, Pn) are natural local coordinates on T* M.
Now, given a tangent vector

n

0 i 0
XZZXia@*Z;Yia_p/

=1

we have

= 0
dﬂ'*(X) = ZXl—,
o o

so that a(X) = Y7 | X;p;. It follows that

n
o= Zpid%'
im1

and
n
W' =" dg; Adp;,
i=1

which is clearly non degenerate.

Remark 20. It can be actually proved that any symplectic manifold
(M, w) enjoys local coordinates (¢1, ..., ¢n, P1, ..., Pn) such that the symplec-
tic form writes w = Y | dg; Adp;. This result is known as Darbouz theorem
and can be restated as follows: there is no local symplectic invariant.
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4.4.2 An almost complex structure on the tangent bundle
TM of a manifold equipped with an affine connection

We now consider the tangent bundle T'M, and denote by 7 the canoni-
cal projection TM — M, (z,V) — x. The subbundle Ker(dr) of TTM
(it is thus a bundle over T M) will be called the vertical bundle and de-
noted by VM. However, although it is quite intuitive that the tangent
bundle of T'M splits as TTM = VM S HM ~ TM & TM, where HM
is some "horizontal” subbundle, there is a priori no such canonical ob-
ject. Nevertheless, it is possible to define a bundle HM provided we are
given an affine connection V on the base manifold M as follows: let X be
a tangent vector to M at some point (z¢,Vy). This implies that there
exists a curve y(s) = (z(s),V(s)) such that (z(0),V(0)) = (zo, Vp) and
v'(0) = X. If X ¢ VM (which implies 2’(0) # 0), we define the connection
map (see [Kowalski (1971)], [Dombrowski (1962)]) K : TTM — TM by
KX = V.0,V (0), which does not depend on the curve v. If X is vertical,
we may assume that the curve v stays in a fiber so that V(s) is a curve
in a vector space. We then define KX to be simply V’(0). The horizontal
bundle is then Ker(K) and we have a direct sum

TTM=HM®VM~TM®TM
X ~ (IIX,KX).

Here and in the following, IT is a shorthand notation for dr.

(4.11)

Once we have constructed this decomposition, there is a straightforward
way to define an almost complex structure on T'M: we define it Jg by the
following:

Js(IIX,KX) = (—KX,IIX). (4.12)

Unfortunately, it turns out that this almost complex structure is almost
never complex!

Theorem 20. Let (M, V) a manifold endowed with an affine connection.
The almost complex structure Js defined by Equation (4.12) is not complex
unless V is flat.

In order to prove this result, we shall need a technical lemma, which shows
how to compute the bracket of vector fields on T'M, using the decomposi-
tion of TT M:

Lemma 11. [Dombrowski (1962)] Given a vector field X on (M, V) there
exists exactly one vector field X" and one vector field XV on TM such that
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(X" KX") = (X,0) and (IIX?,KX?) = (0,X). Moreover, given two
vector fields X and'Y on (M, V), we have, at the point (z,V):
[X Y]
(X", Y] e (
(X", Y~ (
where R denotes the curvature of V and we use the direct sum notation
(4.11).

07
0,VxY),
(X, Y], —R(X,Y)V),

We say that a vector field X on T'M is projectable if it is constant on the
fibres. According to the lemma above, it is equivalent to the fact that there
exists two vector fields X; and X» on M such that X = (X1)" + (X2)".

Proof of Theorem 20. By Theorem 16, it is sufficient to compute the Ni-
jenhuis tensor of Jg: Since N7s(X,Y) depends pointwise on the tangent
vectors we may assume for computational purposes that X and Y are pro-
jectable, and use Lemma 11. By linearity and skew-symmetry it suffices to
compute N”/s(X,Y) in three distinct cases:

(i) vertical fields

NTs(XV, V) = [X°, Y] + Js[Js XV, Y] + Js[ X", JsYV"] — [Js X, JsY"]
= [X", Y] + Js[-X" YY) 4+ Jg[ XV, =Y — [- X", -Y"]
=0+ J5(0,-VxY) + Js(0,Vy X) — ([X,Y],-R(X,Y)V)
= (VxY,0) + (-Vy X,0) — ([X,Y],-R(X,Y)V)

—(0, R(X,Y)V).

(ii) horizontal fields
NIs(XPYh) = [ XM Y] + Js[Js X7, YR + Js[ XN, JsYR] — [Js X", JsYh
= ([X,Y],-R(X,Y)V) + Js(0, ~Vy X) + J5(0,VxY) — 0
(iii) mixed fields
NTs(X" YY) = [X" Y] + Js[Js X", Y] + Js[ X", TJsY?] — [Js X", TsY")
=(0,VxY)+ Js(—[X,Y],R(X,Y)V)— (0,Vy X)
—(R(X,Y)V,0).

We conclude that N/s vanishes if and only if R does so, i.e. if V is flat. [J
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4.4.3 Identifying T*M and T M and the Sasaki metric

We now equip M with a pseudo-Riemannian metric g. By the non-
degeneracy assumption, we can identify T* M with T M by the following
isomorphism:

t: TM — TM*
(z,V) = (,8),

where £ is defined by
EW) :=g(V,W), VYW e T, M.

It follows that we can transport any structure of 7*M onto T'M and con-
versely. For example, pulling back w* by ¢, we get a symplectic structure
w =" (w*) on TM.

Let us see how this identification writes in coordinates and how we can
deduce a coordinate expression of w: given a local system of coordinates
(21, ...,x,) in M, a tangent vector takes the form V = >"" | ,,4,0,,, so
that (z1,...,Zn, Tnt1, ..., Tan) is a natural system of coordinates in T M.
Now if (21,...;2n) = (q1,--sqn), the one-form & = Y"1 | p;dg; is identi-
fied with the vector V. = >"" | #,,4;0,, such that p; = Z?:l GijTntj, OF,
equivalently, z,4; = >, ¢"p; (as usual, g;; are the coefficients of the
pseudo-Riemannian metric g). It follows that

w=1" (i in A dp1> = i gijdl‘i A d$n+j.
=1

ij=1

Thanks to the existence of the Levi-Civita connection of the metric g, we
may apply the construction of the previous section, and we have a splitting
TTM = HM ® VM. There is a beautiful, explicit formula for w in terms
of this splitting, which will prove useful in the next chapter:

Lemma 12. Let X and Y be two tangent vectors to TM; we have
w(X,Y) =g(KX, 1Y) — g(TIX,KY).

Proof.  Writing X = Y22, X;0,,, we have I1X = Y7 | X;0,,. It is a
bit more difficult to express KX: by definition, if v(s) = (z(s),V(s)),
with V(s) = > Vi(s)0,,, is a parametrized curve in TM such that
(2’(0),V’(0)) = X at some point (zg,Vp) = (2(0),V(0)), then KX =
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Var(0)V (0). Therefore

dv;
KX = E&cl + ZviVI,(O)&“
=1 =1
ZZR:X' 8.+2n:v‘%v(9 O,
| 1+nVx; A= (3 dS @ ; Zq

It follows that, setting ¥ = 21221 Y;0,,, we have

gEKX,IY) = Y XoriVigij+ > viX;Yig(Vo,,0n,.0,) -

ij=1 i\j, k=1

Analogously

g(HXv KY) = Z YnJriXigij + Z 'Uiy;'ng (V8L7aasjvaa:k) :

ij=1 i\j, k=1
We now use Lemma 2 of Chapter 1, that insures the existence of normal
coordinates, i.e. such that the quantities Vg, 0, vanish at some point z.
Therefore, at this point x, we have
n

Z (Xn+:Y; — YoriX;)gis

i,j=1

(KX TIY) — g(ILX, KY)

Z gijdxi A d{EnJrj (X, Y)

ij=1

= w(X,Y). O

This formula allows us to prove in particular the following:

Lemma 13. The symplectic form w of T M is compatible with the complex
structure Jg defined in the previous subsection.

Proof. By Lemma 12, we easily compute:
w(JsX,JsY) = g(KJs X, IIJsY) — g(IIJs X, KJsY)
= g(HXa _KY) - g(_KXa HY)
=w(X,Y). O



106 Minimal submanifolds in pseudo-Riemannian geometry

We now recall that an almost complex structure together with a sym-
plectic form determine a pseudo-Riemannian metric. We shall denote by
(s the metric obtained from Jg:

GS = —w(JS., )
Equivalently, Gg may be defined by
Gs(X,Y)=g(IIX,IIY) + g(KX,KY).

It was actually by this natural formula that the metric G, usually called
the Sasaki metric, was historically introduced. The Sasaki metric has been
extensively studied (see [Boeckx, Vanhecke (2000)] and references therein),
probably because of the natural way in which it is defined, although, as
Theorem 20 shows, the triple (Jg,Gg,w) is not a Kéhler structure when
(M, g) is not flat.

4.4.4 A complex structure on the tangent bundle of a
pseudo-Kahler manifold

Finally, we assume that M is equipped with a pseudo-Ké&hler structure
(J,g,w). In particular, M must have even dimension and the dimension of
T M is therefore a multiple of four. Thus we still have a splitting of TT M
and we define a complex structure by J:= J @ J, i.e.

JIIX, KX) = (JIIX, JKX).
Lemma 14. The symplectic form w is compatible with J.

Proof. Using Lemma 12, we compute

w(IX,JY) = g(KIX,TMJY) — g(ITJ X, KJY)
= g(JKX, JIIY) — g(JILX, JKY)
= w(X,Y). O

Theorem 21. ] is a complex structure.

Proof. We proceed exactly as in the proof of Theorem 20, proving that
N7 vanishes in three distinct cases:

(i) vertical fields

NY(X?,YV) =0.
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(ii) horizontal fields
NYXPY!) = (X" Y + 33X Y 4+ 30X Iy - [IX", IY T
= ([X,Y],—R(X,Y)V) + J([JX,Y], ~R(JX,Y)V)
FI(X, JY], —R(X, JY)V) — ([JX, JY], ~R(JX, JY)V)
= (0, R(X,Y)V + JR(JX,Y)V

+ JR(X,JY)V — R(JX, JY)V)

=—(0,JR(JX,Y)V +JR(X,JY)V) = (0,0).
(iii) mixed fields

NIX™ yy) = [XP YO+ J0X" Yo + I X", IYY] — [IXP, Iy
=(0,VxY)+(0,JV,;xY)+(0,JVxJY)—(0,V,;xJY)
= (O,ny +JVixY —VxY — JVJXY) = (0,0).

where we have used the fact that J is parallel and the property
R(JX,JY) = R(X,Y) (see Exercise 2 of this chapter). O

Corollary 5. The triple (J,G,w) defines a pseudo-Kdhler structure on
TM. In particular J is parallel for the Levi-Civita connection.

The following lemma describes the Levi-Civita connection D of G in terms
of the direct decomposition of TT M.

Lemma 15. Let X and Y two vector fields on TM and assume that Y is
projectable, then at the point (x, V') we have

DxY = (VuxIlY, VnxKY + W(X,Y)),
where
W(X,Y) = % (R(HX, Y )V — JR(V, JILX)IY — JR(V, JHY)HX).
Proof. We use Lemma 11 together with the Koszul formula (Lemma 1 of
Chapter 1):
2G(DxY,Z) = XG(Y, Z) + YG(X, Z) — ZG(X,Y) + G([X,Y], Z)
- G([Xv Z]’ Y) - G([Yv Z]a X)v
where X, Y and Z are three vector fields on T M. From the fact that
[X?,Y?] and G(X",Y") vanish we have:
2G(Dx»Y",Z2") = X"G(Y", Z")+ Y'G(X",Z2") — Z'G(X",Y")
+G(X",Y"],Z2°) - G([X", Z2",Y") = G([Y*, Z"], X")
=0.
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Moreover, taking into account that G(Y, Z") and similar quantities are
constant on the fibres, we obtain

2G(Dx YV, Z") = X °G(Y", Z") + Y'G(X", Z") — Z"G (X", V")
+G([X",Y"), 2" - G(X", 2", YY) - G([Y", Z"], X")
= —G(=(VzX)",Y") = G(=(VzY)", X7)
=0.
From these last two equations we deduce that Dx+Y? vanishes. Analogous

computations show that D x» Y vanishes as well. From Lemma 11 and the
formula [X,Y] = DxY — Dy X, we deduce that

DxnY" >~ (0,VxY). (4.13)

Finally, introducing
JW = %( —JR(X,Y)V — R(V,JY)X — R(V, JX)Y)7
we compute that
G(DxnY", ZM) = g(JW, Z)
and
G(DxnY", 2" = g(JZ,VxY),

from which we deduce that

Dxn Y = (VxY,W). (4.14)
The conclusion of the proof follows from (4.13) and (4.14). O

4.4.5 FExamples

The simplest example where we may apply the construction above is where
(M, J, g, ) is the plane R? equipped the flat, positive metric (.,.)o and the
complex structure J coming from the identification of R? with C. We claim
that in this case the structure (TR?,J, G, w) just constructed is equivalent
to that of the complex pseudo-Euclidean plane (C2,.J, (., )2, w1) equipped
with the structures described in Section 4.1. To see this, recalling the
notation z; = x; + iy; and 29 = xo + Y2, consider the following linear
change of coordinates

V2
q = 7(3/1 +12), q2 = —— (71 + x2),
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V2

p1 = 7(551 — x2), p2:

The inverse formulae are:

(Y2 —y1)-

w|§

V2

T = 7(% +p1), Y1 = 7((11 D2),
V2 V2

To = 7((]2 - p1), Y2 = 7((11 + p2).

This identifies C* with T*R? as described in Section 4.4.1 (recall that
(q1,¢2) are coordinates on R? and dg; = p; and dga = py). Then we
can check that the symplectic structure takes the following form:

w1 = —dy; Adxy + dys AN dxe = dpy Adqy + dps A dge = w,

where w is the canonical symplectic form of T*R?. Using the canonical
Euclidean metric of R?, we identify T*R? with TR? ~ R? @& R?. Then one
can check that the complex structure J of C? writes J = j @ j according to
this decomposition. It follows that the metrics (.,.)2 = —|dz1|? + |d22]? =
wi(J,,.) and G := w(J.,.) are the same.

The next two simplest examples of Riemannian surfaces are the two
Riemannian surface forms: the sphere S? := @3’1 and the hyperbolic H? :=
Qg,l (see Chapter 3). Their tangent bundles enjoy a beautiful geometric
interpretation: the tangent bundle T'S? is canonically identified with the
set of oriented lines of Euclidean three-space:

L3> {V +tz|t € R} =~ (2,V — (V,z)ox) € TS

Analogously, the tangent bundle TH? is canonically identified with the set
of oriented negative lines of three-space endowed with the metric (.,.)s:

L3 _a{V+ta|teR} ~ (z,V — (V,2)o1) € TH?.

In the next chapter we shall describe some minimal surfaces in the case
where (M, g, j) is an oriented, Riemannian surface.

4.5 Exercises

(1) Let (M, J,g,w) be a pseudo-Kéhler manifold and (q,2n — ¢) its sig-
nature. Prove that ¢ must be even. In particular, there is no pseudo-
Kéhler manifold of dimension two with indefinite metric.
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Let (M, J, g,w) a pseudo-Kéhler manifold and R the curvature tensor
of g. Prove that the following identity holds: R(JX,JY) = R(X,Y).
(Hint: prove that g(R(X,Y)Z, W) =g(R(X,Y)JZ, JW) and then use
the formula g(R(X,Y)Z, W) = g(R(Z,W)X,Y).)
Prove that CP); does not have constant sectional curvature. The holo-
morphic curvature of a pseudo-Kéhler manifold is defined to be the
sectional curvature of a complex plane, i.e. the span of X and JX,
where X is a tangent vector. Given a tangent vector X to (C]P’Z, prove
that
G(R(X,JX)X,JX)

K (Span(X,JX)) = GX. X)gUX.IX) ~ 1,
ie. (C]P’Z has constant holomorphic curvature 1.
For p # 0, the complex space form CP}; is an open subset of the complex
projective space CP". Denoting by ¢ the inclusion map CP};; — CP",
prove that the operator J, defined by the formula dio J, :== Jode
defines a complex structure in CPy .. Prove that this coincides with
the complex structure constructed in this chapter, i.e. J, = J. (Hint:
introduce 7 : Qg;}jl C S*™ ! defined by i(z) = |z|g2.2, check that
tom=moiand that dooJ = Jodt.)
Prove that (CPP}, g) is an Einstein manifold (see Exercise 1 of Chapter
3);
The scalar curvature of a pseudo-Riemannian manifold is the trace of
its Ricci curvature (see Exercise 1 of Chapter 3 for the definition). Show
that if (3, g) is a Riemannian surface, then (T'Y,J, G,w) is scalar flat,

ie.
4
tr Ric® = Z 6lekG(RG(el,ek)ek,el) =0,
k=1

where (e1, €9, €3, €¢4) denotes as usual an orthonormal basis of (TX, G).



Chapter 5

Complex and Lagrangian
submanifolds in pseudo-Kahler
manifolds

In this chapter we shall describe several families of minimal submanifolds
in pseudo-Kéhler manifolds. Firstly, given a submanifold S of a pseudo-
Kéhler manifold (M, J, g,w), we shall say that S is complez if at any point
x of S, the complex structure J maps 7,.S on itself. On the other hand, we
shall say that a submanifold is Lagrangian if it has half the dimension of M
and if the symplectic form w vanishes on TS, for all point = of S. By the
formula w = ¢(J.,.), it implies that if TS is non-degenerate, J maps the
latter onto the normal space N,S. Hence, roughly speaking, complex and
Lagrangian submanifolds have the two possible extreme behaviours with
respect to the complex structure J. We shall show in the next sections that
a complex submanifold is always minimal and that the extrinsic curvature of
a Lagrangian submanifold takes a particular, symmetric form. Then we will
refine the analysis in certain special pseudo-Kéahler manifolds introduced in
the previous chapter. In particular we characterize minimal, equivariant,
Lagrangian submanifolds in complex pseudo-Euclidean space and complex
space forms, and we give a classification of minimal Lagrangian surfaces in
the tangent bundle of a Riemannian surface.

5.1 Complex submanifolds

Definition 9. Let (M, J) be a complex manifold. A submanifold S of M
is said to be complex if it is stable with respect to the complex structure
J, i.e. if at any point x of § we have JT,S C T,S. Since J is one-to-one,
we have actually JT,S = T, S, and a complex submanifold must have even
dimension.

Theorem 22. Let (M, J,g,w) be a pseudo-Kdihler manifold. A non-
degenerate, complex submanifold of M is minimal.

111
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Proof. Given a tangent vector field X, JX is also tangent to S. Moreover,
the complex structure J is parallel with respect to the flat connection D,
so that Dy JX = JDy X. On the other hand, since the tangent spaces are
J-invariant, so are the normal spaces. It follows that

(Dy JX)t = (JDy X)*+ = J(Dy X)*,

ie. h(JX,Y) = Jh(X,Y). Next, an easy modification of the famous Gram-
Schmidt process shows that there exists an orthonormal frame (eq, ..., eax)
on S such that eq; = Jeg;—1, Vi, 1 <14 < k (which proves in particular that
the dimension of S is even). It follows that €z; = €9;—1, and we deduce:

k

2%
2kH = Z eh(ei, e) = Z €2i—1h(e2i—1,e2,-1) + €2:h(e2:, €2;)
i=1 i=1

k
=> e (h(€2i71a e2i—1) + h(Jeai1, J€2i71))
i—1

k
=> i (h(€2i71a esi1) + J2h(ezi 1, 62@‘71)) =0. 0

i=1

It is very easy to find examples of complex submanifolds. It suffices
to use the two ways used to construct submanifolds, namely immersions
and submersions (see Chapter 1, Section 2), and to consider holomorphic
functions rather than mere smooth functions. Then the Cauchy-Riemann
equations (see Chapter 2, Section 2.4.1) say exactly that the tangent space
of the submanifold is invariant by .J.

Proposition 11. Let k < n be two integers, U an open subset of C* and
f =Y. f") : U — C" an immersion such that fi,1 < j < n, is
holomorphic. Then S := f(U) is a complex submanifold of C" of dimension
2k. Let V be an open subset of C", and g = (¢*,....g" %) : V — C" " q

submersion such that ¢7,1 < j < n — k, is holomorphic. Assume that
c € C"* is a regular value of g, i.e. the level set S = g~'({c}) is a
submanifold. Then S is a complex submanifold.

The proof is elementary and left to the reader who may also check that the
proposition holds true replacing the complex pseudo-Euclidean space and
its open subset by complex manifolds (this last point requires to define the
concept of holomorphic maps between complex manifolds, see for example
[Moroianu (2007)]).
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5.2 Lagrangian submanifolds

Definition 10. Let (M, w) be a symplectic manifold of dimension 2n. The
symplectic orthogonal of a subspace P of T, M, where x € M, is the linear
subspace

P = {X e M| w(X,Y)=0,VY € P}.

A subspace P of T, M is said to be Lagrangian if P = P“. By the assump-
tion of non-degeneracy of w, it follows that dim P = n. A submanifold £
of M is said to be Lagrangian if all its tangent subspaces are Lagrangian.
Equivalently, £ is Lagrangian if it has dimension n and w(X,Y’) vanishes
for any two vectors X and Y tangent to L.

The next lemma gives two important properties of the geometry of La-
grangian submanifolds in the pseudo-Kéhler setting:

Lemma 16. Let £ be a non-degenerate, Lagrangian submanifold of a
pseudo-Kdhler manifold (M, J, g,w) with signature (2p,2n — 2p). Then

(i) the signature of the induced metric of L is (p,n — p);
(ii) the map

T(X,Y,Z):=g(h(X,Y),JZ)
is tensorial and tri-symmetric, i.e.

T(X,Y,Z)=T(,X,2)=T(X,2,Y).

Proof. To prove the first point, we first claim that the Lagrangian as-
sumption implies that JT,L£ = (T,L)*. To see this, observe that given
JX € JT,.L, we have

w(X,Y) = (JX,Y) =0, VY € T,L.

Therefore JT,L is contained in (7,L£)%, and since both spaces
have dimension n, they are equal. Assume now that T,L is non-
degenerate and let (eq,...,e,) be an orthonormal basis of T, L. Therefore
(e1,...,n,Je1, ..., Je,) is an orthonormal basis of T, M, and denoting by
(p,m — p) the signature of the induced metric on £, the signature of g on
M is of course (2p, 2n — 2p).

We now study the extrinsic geometry of L£: the tensoriality of T
and its symmetry with respect to the first two slots follow from Propo-
sitions 1 and 2 of Chapter 1. It remains to prove for example that
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T(X,Y,Z) = T(X,Z,Y). From the Lagrangian assumption we have
w(Y, Z) = g(JY, Z) = 0. Differentiating in the X direction gives
0=X(g(JY,2))=9(DxJY,Z)+ g(JY,DxZ)
=g(JDxY,Z)+g(JY,DxZ)
— —g(DxY,JZ) + g(JY, (X, Z))
—g(R(X,Y),JZ) + g(JY, h(X, Z))
= -T(X,Y,2)+T(X,2,Y),
and the proof is complete. O

5.3 Minimal Lagrangian surfaces in C? with neutral
metric

The simplest case of a pseudo-Kéhler manifold with indefinite metric is that
of C? endowed with the Hermitian form

<<., >>1 = —dz1dz1 + dzodzy = <., .>2 — Ww1.
It turns out that we may characterize completely the minimal Lagrangian
surfaces in this setting. We first prove a technical lemma concerning the
geometry of the two-dimensional subspaces of (CZ, ((.,.))1):

Lemma 17. Let P be a plane of (C?, (., ))1). Then the induced metric on
P s totally null (i.e. (.,.)2|p =0) if and only if JP = P“1.

Proof. Suppose first that P is totally null and let X be a vector of P. For
all vector Y in P, we have
0= <X, Y>2 = —wl(JX, Y),

so JX € P“. Since it holds VX € P, we deduce that JP C P“!, and
the two-form w; being non-degenerate, P“! is a two-dimensional subspace.
Hence JP = P“1.

Conversely, if JP = P“1, then, for all vector X in P, we have |X|3 =
—w1(JX, X) = 0. By the polarization formula 2(X,Y)s = | X +Y|3—|X|3—
|Y'|3, it implies that P is totally null. O

Remark 21. This lemma proves in particular that a plane may be both
complex and Lagrangian. This fact may sound strange to the reader fa-
miliar with Kahler geometry, where complex and Lagrangian planes are
two distinct classes. More precisely, if a plane enjoys any two of the three
properties: {totally null, Lagrangian, complex}, then the third one holds
as well.
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Theorem 23. Let £ be a minimal Lagrangian surface of (C%,{(.,.))1).
Then L is a product v1 X Jvo C P @ JP, where v1 and 2 are two pla-
nar curves contained in a non-Lagrangian (and therefore non-complex) null
plane P.

Proof. By Lemma 16, the induced metric on £ is Lorentzian, so we may use
Theorem 11 of Chapter 2, and claim that £ may be locally parametrized
by an immersion of the form

fu,v) =71 (uw) +32(v),

where 71,52 are two null curves of C? such that
(Vi(u), 33 (v))1 # 0,V (u,v) € I x I.
On the other hand the Lagrangian assumption is:
w1(71(u),¥2(v)) = 0,V (u,v) € Iy x I.

The proof relies on the analysis of the dimension of the two linear spaces
Py := Span{yi(u),u € I} and P» := Span{¥4(v),v € Is}. We first observe
that dim P;,dim P, > 1 and that the case dim P; = dim P> = 1 corresponds
to the trivial case of £ being planar. Since the roles of «; and 75 are
symmetric, we may assume without loss of generality, and we do so, that

Next, the Lagrangian assumption is equivalent to P, C P;”* and Py C
Pyt so dim Py < dim P** and dim P; < dim P;™*. By the non-degeneracy
of wy, it follows that dim P; < dim Py = 4 — dim P, < 3. We claim that in
fact dim P; = 2. To see this, assume by contradiction that dim P, = 3. It
follows that dim P, < dim P;”* = 1, so the curve 7, is a straight line, which
may be parametrized as follows: 42(v) = egv, where ¢g is a null vector of
C?. Then +; is contained in the intersection of the light cone (@370 with
the hyperplane {ep}“*. An easy computation, using the fact that e is null,
shows that Q;O N{eg}*' =II; UIly, where IT; and IIy are two null planes.
Moreover, one of these planes, say Ils, is contained in the metric orthogonal
of ey. By the non-degeneracy assumption,

(71 (u), 72 (v))2 = v{71(u), e0)2 # 0,

we deduce that 44 € Iy, which implies that dim P; < 2, a contradiction.
To conclude, observe that, using Lemma 17, 4 € P» C P”* = JPy.

Hence we just need to set P := P; and 79 := —J72, to get that 1,72 C P,

so that £ takes the required expression. O
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5.4 Minimal Lagrangian submanifolds in C"

We now consider the complex Euclidean space of arbitrary dimension n,
endowed with the pseudo-Hermitian form of arbitrary signature (p,n — p)
defined in the previous chapter:

p n
(o Np ==Y dzdz; + > dzdz;.
j=1 j=p+1
We recall that this defines both a pseudo-Riemannian metric and a sym-
plectic form:

()2p =Re((.,))p and w, =—Im((,.))p.
We furthermore recall the definition of the holomorphic volume form:
Q:=dz N ... Ndz,.

This structure will be very useful to describe the geometry of Lagrangian
submanifolds:

Lemma 18. Let (Xq,...,X,,) spanning a Lagrangian, non-degenerate, li-
near subspace of (C™,{{.,.))p). Then Q(X1,...,X,,) does not vanish. More-
over, if (Y1,...,Ys) span the same linear subspace and has the same orien-
tation, then the two complex numbers Q(X, ..., X,) and Q(Y1,...,Y,) have
the same argument.

Proof. First observe that the Lagrangian assumption is equivalent to
the fact that the span of (JXi,...,JX,) is orthogonal to the span of
(X1, ..., Xpn). Therefore, if the span of (X7, ..., X,,) is non-degenerate, the 2n
vectors (X1, ..., Xpn, JX1, ..., JX,,) span the whole space C". Now, assume
by contradiction that Q(Xq, ..., X;,) vanishes. It follows that there exist n
complex numbers Ay, ..., A, such that Z?:l AjX; = 0. The real part of this
complex equation is

(Re (\)X; — Tm (3)7X;) =0,
=1

j
which says that the 2n vectors are R-linearly dependent, a contradiction.

Next, if (X1, ..., X,) and (Y1, ..., Y,) span the same linear subspace and
have the same orientation, there exist real constants a;z, 1 < j,k < n such
that Y] = EZ:1 ajk.Xk and det[ajk]1§j7k§n > (. Since

Q(Yl, ey Yn) = det[ajk]lgj’kSnQ(Xl, ey Xn),
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we deduce that Q(Y7,...,Y,) and Q(X;, ..., X,,) have the same argument. O

Definition 11. The Lagrangian angle 3 of a non-degenerate, Lagrangian,
oriented, linear subspace spanned by n vectors (X, ..., X, ) is the argument
of Q(Xq, ..., X;,). The Lagrangian angle 3(x) of an oriented, non-degenerate,
Lagrangian submanifold £ at the point x is the Lagrangian angle of T, L.
It is thus a map 0 : L — R/27Z.

Remark 22. The definition of the Lagrangian angle, involving only €, is
independent of the choice of the metric or of the symplectic form. However
a submanifold which is Lagrangian for w, is not Lagrangian a priori for

wyr, P’ F P

Theorem 24. Let L be a non-degenerate, Lagrangian submanifold of
(C™, ({.,.))p) with Lagrangian angle 5 and mean curvature vector H. Then
the following holds:

nH = JV3,

where V denotes the gradient operator with respect to the induced metric.

Proof. Let (e1,...,e,) a local orthonormal frame of £. The Lagrangian
assumption implies that it is also a Hermitian frame, i.e.

[({ejs er))pli<jhsn = diag(er, ..., €n).

In particular, given any vector X of C", we have
P
X =) eilles; X))pej.
j=1

It is sufficient to prove that (nH, Jej)op = (JV B, Jej)ap, ie. (nH, Jej)op =
dB(e;). Differentiating the identity ¢® = Q(ey, ..., e,) with respect to the
vector e;, we have

M=

idB(e;)e = Qer, ..., Dejeg, ... en)

el
Il
—

I
M=

Q <el, cry Z((el, Deex))per, -, en>

=1

b
Il
—

Qer, ..., ex((ex, De, er))pek, - €n)

€k<<€ka Dej €k>>Pelﬂa

M- T1-

el
Il
—
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hence

idp(e;) Zek ek,Dejek»p.

k=1
Recalling that ((.,.))p = (., .)2p — iwp = {.,.)2p — i{J., .)2p, we have

<<ek:7-D6jek‘>>p = <ek:7-D€jek:>2p - i<J€k,Dej€k>2p.

Differentiating the relation (ex,ex)2p = €x in the direction e; yields
(ek, De,er)2p = 0, so that, taking into account that Je; is a normal vector
to L,

<<€ka Dej €k>>P = 7;<J€ka DeJ‘ €k>2p = i<Jeka h(ejv €k)>2p

By Lemma 16, we conclude that

Zek Jej, h(er, er))op = <Jej,nﬁ>2p

k=1 =

Corollary 6. A Lagrangian submanifold L of C" is minimal if and only if
it has constant Lagrangian angle.

Remark 23. Let £ be a Lagrangian submanifold with Lagrangian angle 3
and consider the rotation of C" whose complex matrix is e’ Id. Then it
is easy to check that the image ¢?° L of £ by this rotation has Lagrangian
angle 5+ nfy. It means that there is no loss of generality to study minimal
Lagrangian submanifolds with vanishing Lagrangian angle 8 = 0 (the latter
are called special Lagrangian in the Riemannian case), since we can get any
other constant angle Lagrangian by a suitable rotation of the ambient space.

5.4.1 Lagrangian graphs

In this section, it will be convenient to set ¢; = —1,1 < j < p and ¢; =
1,p+1 < j <n. In particular, we can write

>>p = Z doZjdEj.
j=1

Theorem 25 ([Dong (2009)]). Let U be some open subset of R", u a
smooth, real-valued function defined on U and L be the graph of its gradient,
i.e. the image of the immersion
f:Uu—-cr
x — x+iVu = (21 +i€1Ugy, ., T + l€nUy,)
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(Vu is the gradient of w with respect to the metric (.,.)p of R"). Then
L is Lagrangian. Moreover, its Lagrangian angle function is given by the
formula

[ = argdet (Id—!—i [Gjuzjzkhq k<n).

Proof. For all j, 1 < j <n, we compute
Jo; = (i€1U 0y 5 ooy 1L+ 0€5UL 05 oy TERUL 2, ),
so that
Wp(fzjaffck) = eiurjfck - Giurm =0,

hence the immersion f is Lagrangian. Next, we compute:

B =argQfe,; -, fz,) = argdet (Id + i [GJUIJM] 1§j,k§n)’
which completes the proof. (I
Remark 24. If n = 2, denoting the two possible Hermitian forms by
€1dz1dz1 + dzadZzZs, we have

B = arg (1 - 61(“901901’“’902902 - uilmz) +1 (61uw1w1 + uwza:z)) .

Thus the corresponding Lagrangian surface has vanishing Lagrangian angle
if and only if
€E1Ugq 2 + Ugory = 0.

In other words, u is harmonic for the Laplacian of the metric €;dz? +dx3. In
the definite case (resp. in the indefinite case), this is the Laplace equation
(resp. the wave equation). Both PDEs are easy to solve locally: the general
solution of the Laplace equation takes the form w(z1,z2) = Re F(x1 +ix2),
where F' is a holomorphic function, and the general solution of the wave

equation is u(xy,xe) = Fi(z1 + z2) + Fa(x; — x2), where F; and Fp
are two functions of the real variable. In the indefinite case, setting
u = x1 + 22 and v := 1 — T2, we see that the corresponding graph is

the product of the one-dimensional graphs (u, Fy(u)) and (v, F3(v)), which
are curves in the null planes P := {1 — 22 = 0,y1 + y2 = 0} and JP =
{z1+2x2 = 0,y1 —y2 = 0} respectively. We therefore recover a special case of
Theorem 23. We also recover the observation made in Section 2.4.3 of Chap-
ter 2: in the positive case, the minimal surfaces are analytic, while in the
indefinite case, they only need to be twice differentiable. This phenomenon
still occurs in higher dimension, since the PDE argQ(fz,,..., fo,) =

arg det (Id + 1 [fju$jzk]1<j K<
and hyperbolic otherwise (see [Dong (2009)] for more details).

) = 0 turns out to be elliptic if p = 0
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5.4.2 FEgquivariant Lagrangian submanifolds

The group SO(p,n — p) acts in a canonical way on the space (C", ({.,.))p)
as follows: for z =z +iy € C" and M € SO(p,n — p) we simply set Mz :=
Maz+iMy. Of course we have ((Mz, Mz')), = ({z,2'))p, so SO(p,n—p) can
be identified with a subgroup of U(p, n — p). This subgroup is of interest for
us because its orbits are (n — 1)-dimensional submanifolds (except possibly
at the origin), while Lagrangian submanifolds have dimension n. Therefore
we may hope to be able to describe Lagrangian submanifolds which are
SO(p,n — p)-invariant. We recall the observation done in Chapter 3: the
orbits of the action SO(p,n — p) on R"™ take the form:

(@Z;l = {z e R"|(z,z), = c}.
Theorem 26. Let L be a SO(p,n —p)-equivariant Lagrangian submanifold
of C". Then it is locally the image of an immersion of the form
fIxQpt— c”
(s,2) = (s)z,
where € = 1 or —1 and v : I — C* is a planar curve. Moreover, the
Lagrangian angle of L is given by

B =arg(y/y" ).

Remark 25. In the definite, two-dimensional case (p = 0,n = 2), the
SO(2)-action mentioned in the theorem above is not the only possible one,
and there do exist Lagrangian surfaces of C? equivariant by another S 0(2)
action. For example, let v(s) = (71(s),72(s)) be a regular curve of the
sphere S*. Then the map f(s,t) = (71(s)e*, y2(s)e’) is an immersion as
soon as (7', Jv) does not vanish and is Lagrangian. Such an immersion
is equivariant by the action M(z1,29) = (Mz1, M232), M € SO(2). These
surfaces have been studied in [Pinkall (1985)], where they are called Hopf
surfaces.

Proof of Theorem 26.
First case: n = 2.
Recall that the metric of C? is ((., ))p = €1dz1dZ1 + dzadZy with g = 1

O —€1
10 ) , we have
SO(2) = {eM? t e R} and SO(1,1) = {M" ¢t € R}.
A surface of C? which is SO(2) or SO(1,1)-equivariant may be locally
parametrized by an immersion of the form

fs,t) = eMrt(z1(5), 22(5)).

or —1. Introducing M., = (
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We first compute the first derivatives of the immersion:
fs =Ml (21, 2),
fo = eMalM, (21, 20) = eMat(—e129, 21).
Therefore the Lagrangian condition yields:
0= wp(fs, fo) = wpl(21, 23), (—€22, 21))

= —Im (2] 22) + Im (2521)
d
= EIHI (2251).

Hence z1Z; must be constant. Observe that there is no loss of generality
in assuming that Im (z123) vanishes: otherwise, it suffices to replace f by

f = ((1) eiargozg(o)) f, which has the same geometry. Thus, z; and z»

have the same argument. Next introduce polar coordinates z; = re*? and
29 = r9e? and consider separately the definite and indefinite cases:

The definite case p = 0:
The second coordinate of f is

zo(s) cost + z1(s) sint = (ro(s) cost + 71 (s) sint)e™(®).
Clearly, Vs € I, there exists t(s) € R such that ro(s)sint(s) +
r1(s) cost(s) = 0, hence the second coordinate of f vanishes at (s,t(s)).
Setting y(s) := 2z1(s) cost(s) — z2(s) sint(s), i.e. ¥(s) is the first coordinate
of f at (s,t(s)), we see that f(s,t) = e (t=5("1)((s),0). Hence the im-
mersion f(s,t) := eMt(v(s),0) = (ycost,ysint) parametrizes the same
surface as f, and we get the required parametrization for the surface L.

The indefinite case p = 1:

We first observe that r; # 19 since otherwise the immersion
would be degenerate. If r1 > 7o, there exists t(s) such that
ro(s) cosht(s) + r1(s)sinht(s) = 0, hence the second coordinate of f
vanishes at (s,t(s)). Analogously to the definite case, we set v(s) =
r1(s) cosht(s) + ro(s) sinht(s), and as before, we check that f(s,t) :=
(v(s) cosht,v(s) sinht) parametrizes the same surface as f. The argument
is strictly analogous if 1 < r9: we find ¢(s) in order to make the first
coordinate vanish and find f(s,t) = (y(s)sinht,~(s) cosht).

Second case: n > 3. First, set three different indexes j, k and I (here we
are using the assumption n > 3!) and consider the two matrices M and
Mkl defined by

Mjie; = ey, Mjie; = €jeie; and  Mje,, =0 for m # 3,1,
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and
Mklek = €y, Mklel — €k€i€k and Mklem =0 for m 7& k, l.

The reader may check that Mj; and My are skew with respect to (.,.)p.

Hence, given a point z in £, the two curves s — eMi* and s — eM** belong

to SO(p,n — p). By the equivariance assumption, it follows that the curves

M; My s

sr—eitSzand s— e

are tangent to £ at z. Moreover the Lagrangian assumption yields

z belong to L, so the two vectors Mj;z and Mz

0= wp(Mj1z, Miyz) = Re z;Im 2z, — Re ziIm ;.

Since this holds for any pair of indexes (j, k), it follows that Re z and Im z
are collinear. Therefore there exist ¢ € R and y € R” such that z = e*y.
Let » > 0 and z € Q"_l such that y = 7z, and set v := re’¥. By the
equivariance assumption, the (n — 1)-dimensional quadric 'y(@" Lof C™is
contained in L. Finally, since L is n- dlmensmnal it must be locally foliated
by a one-parameter family of quadrics 'y(s)@p ., which proves the first part
of the theorem (characterization of equivariant Lagrangian submanifolds).
It remains to calculate the Lagrangian angle: let f be an immersion
as described in the statement of the theorem, x a point of Qgﬁzl and
(e1,...,en—1) an oriented orthonormal basis of Tnggl. Setting

Xj:=~ve; and X, :=7'z,
it is easy to check that (X1,...,X,,) is a basis of T, £. Then, we calculate
wp(Xj, Xx) = <JXJvXk>2p (iv,7)(ejs ex)p = 0,

wp (X, Xn) = (J X, Xn)op = <i’777l><€w z)p =0,

which shows that w, vanishes on T',,L, i.e. £ is Lagrangian. Finally, we
get the Lagrangian angle of £ as follows:

P = Q(X1, ..., X»)
= Q(’}/el, "'7’7671717’7/‘%)
=4'y" ey, ...,en_1,7) = 44" L O

From Theorem 26, it is straightforward to describe equivariant minimal
Lagrangian submanifolds: (3 vanishes if and only if Im~/4"~! = 0, which
we easily integrate to get Im~y™ = ¢ for some real constant c. If ¢ vanishes,
the curve v is made up of n straight lines passing through the origin, and
the corresponding Lagrangian submanifold is nothing but the union of n
linear spaces of C". If ¢ does not vanish, the curve is a made up of 2n
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pieces, each of one contained in an angular sector {¢g < argy < o+ T }. If
n = 2, they are hyperbolae. Summing up, we have obtained the following
characterization of equivariant, minimal Lagrangian submanifolds:

Corollary 7. Let L be a connected, minimal Lagrangian submanifold of
(C™,({.,.))p) which is SO(p,n — p)-equivariant. Then L is an open subset
of one of the following submanifolds:

(i) an affine Lagrangian n-plane;
(ii) the Lagrangian catenoid

{7.x€C"|x€@"_l v€C,Imy" =c},

pe
where ¢ is a non-vanishing real constant.

The Lagrangian catenoid has been described for the first time in [Harvey,
Lawson (1982)] in the positive case p = 0, although this name was intro-
duced in [Castro, Urbano (1999)], where it was also proved that it is the only
minimal, Lagrangian submanifold which is foliated by (n — 1)-dimensional
spheres (cf also [Anciaux, Castro, Romon (2006)]).

5.4.3 Lagrangian submanifolds from evolving quadrics

This section describes a class of Lagrangian submanifolds which general-
ize the former ones and follows ideas from [Joyce (2001)] (see also [Lee,
Wang (2009)],[Joyce, Lee, Tsui (2010)]). Consider a real, invertible n x n
matrix M which is self-adjoint with respect to (.,.)p, ie. (Mz,y), =

(x, My)p, Vz,y € R". The one-parameter family of complex n x n matrices
eiMs

(i)

, s € R is defined by the two following equivalent properties:

oiMs _ i (U]\j)ksk;
(ii) the curve s +— e is the solution of the ODE
d%(eiMS) — iMetMs — oiMs;yr
with initial condition "M% = Id.

Remark 26. If there exists an orthonormal basis (eq, ..., e,) of eigenvectors
for M, the matrix e’™* expressed in this basis is simply diag(e'™*, ..., €!*n%).
However, if the metric (.,.), is indefinite, there does not necessarily exist
such a basis.
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Lemma 19. e'™* belongs to U(p,n — p), i.e. it preserves the Hermitian
product ((.,.))p :
(M2 M), = ((2,2),, V2,2 € C™ (5.1)
Moreover,
dgt[eijvls] _ eitI‘JV[s. (5.2)

Proof. Observe first that Formula (5.1) holds true for s = 0; hence, the
right hand side term of (5.1) being independent of s, it is sufficient to prove
the left hand side is constant with respect to s. Differentiating it, we get

<<’L'M6iMSZ, ei]V[sZ/>>p + <<€1'JVISZ7 ’L'MeiMSZl»p.
Writing M9z = A+ iB and e!M*2 = A’ +iB’, with A, B, A’, B’ € R", we
have, using the properties of the Hermitian product,
((iM(A+iB), A" +iB")), + ((A+iB,iM (A" +iB"))),
=—(MB,A",+ (MA,B", — (A,MB'), + (B,MA"),
+1 (<MA, AI>P + <MB’ B/>;D - <Aa MAI>;D - <Bv MBI>P)

which vanishes since M is self-adjoint.

The second assertion of the lemma is proved in a similar manner, using
Lemma 3 of Chapter 1: writing u(s) := detc[e?™*], we use the fact that
%(eiM(sH))h:O = e"M3i M to find that:

du(s) d

e Eu(s +1) = u(s)tr(e MM M) = u(s)itrM.
$ t=0
Hence w is solution of the equation Z—Z = witrM with initial condition
u(0) = 1, that is
d(gt[eiMs] _ U(S) _ eitl"Ms. 0

Theorem 27. Let ¢ € R such that the quadric
S:={z eR"|(z,Mz), =c}

is a non-degenerate hypersurface of (R™,(.,.)p) and r(s) a positive function
on an interval I of R. Then the immersion
f:IxS8S—C"
(s,2) > r(s)etMsy

is a Lagrangian and its Lagrangian angle is given by

/
B =trMs+ arg (c% + Z|Mx|12)> + /2.
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Proof. Let (e1,...,e,_1) be an orthonormal basis of T,,S = (Mx)~*, that we
complete by e, in such a way that (e1,...,e,) is an oriented, orthonormal
basis of R™. Hence e, is collinear to Mz and, setting €, = |en|§ we have

Mz = e (Mz,ep)pen.
Set £ := f(I x S). We obtain a basis of T, L, at a point z = re’™*z, setting
Zj=eMse; and Z,:= (r' +riM)e™Mey.
Using the fact that ¢ € U(p,n — p) (Lemma 19), we check that
wp(Zj, Zn) = wp(ej, (' +irM)z)

=r'wy(ej,x) +riej, Mz), =0
and
wp(Zj, Z) = wp(ej, ex) =0,
hence the immersion f is Lagrangian. To complete the proof, we compute
UZ1, .y Zy) = QUeMoey, . e™Moe, o, (¢ +irM)e™Mx)
= idgt[eiMS] dgt(el, ey n—1, (r +irM)x)

iMs] (

= id(gt[e r'en(,en)p +ire,(Mz, ey)) .

Using Lemma 19 and the fact that
(x,Mz), c
en(Mz,e,),  en(Mx,en),’

<J3, €n>;0 =

we get
/

Q(Zl, ceuy Zn) = i@itr]\/lsm <C% + i€n<Mx, €n>2) .
We deduce, using the fact that e, (Mx,en)? = [Mal]?,
B = arg(UZ1, ..., Zn))
7r o 9
= -+ trMs+arg | c— +i|Mz|; |,
2 T P

which is the required formula. O

Example 7. Assume that M = Id and ¢ = 1. Then f becomes
. n—1 n
[IxQy o — C ‘
(s,z) +—r(s)e”z.
In particular the image of the immersion is a SO(p, n — p)-equivariant sub-
manifold as in Section 5.4.2.
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Corollary 8. The Lagrangian immersion f introduced in Theorem 27 above
is minimal if and only if one of the three statements holds:

(i) tr M =0 and the function r is constant;
(ii) tr M =0 and the constant ¢ vanishes;
(iii) the image of [ is a part of the Lagrangian catenoid described in the
previous section.

Proof. The Lagrangian angle [ must be constant, so the term
arg (c%l + z|Mx|g) must be independent of x. This happens if and only

either 7/ or ¢ vanishes, or both [Mx|2 and 7’7/ are constant. If ' or ¢ vanish,
the first term trMs of 3y must be constant as well, hence we must have
tr M = 0. These are the first two cases of the corollary. Suppose now M|}
is constant on S, i.e.

Vo € R" such that (Mw,z), = ¢, [Mz|2 =
Since M is invertible, it is equivalent to

Vy € R" such that (y, M~ 'y), =c, [y = .
It follows that the quadric {{y, M ~'y), = c} is contained in the quadric
Qg_l hence M~' is a multiple of the identity and so is M. Hence the

/
¢

immersion is equivariant and we are in the situation described in Example 7
above. The result then follows from Corollary 7. (]

0-1
10
z is minimal if ¢ vanishes or if r is constant.

Example 8. Set n = 2, p =1 and M = ( ) . Since trM = 0 the

immersion f(s,z) = r(s)e!M?
The case of vanishing c is trivial: the quadric S reduces to the union of the
two straight lines {x1 = 0} and {x2 = 0}, and the image of f is the union
the two complex planes {z; = 0} and {22 = 0}.
In the case of non-vanishing ¢, we set
S={ze ]R2| (x, Mx)y = 2x129 = ¢}

is an hyperbola which may be parametrized by ¢ — (e, 2e™*). On the other
hand

iMs coshs —isinhs
e = .. .
isinhs coshs

S0, setting r = 1, we are left with the immersion

2 2
f(s,t) = (et coshs —i=e tsinhs, ~e ' cosh s + ie’ sinh s) .
c c
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Observe that A
[fsl3 = =1 fel3 = € — 0—26_% and  (fs, fi)2 =0,

i.e. (s,t) are conformal coordinates. Therefore, the coordinates (u,v) de-
fined by u = s+t and v = s — t are null and we get

) = e 2o 2oy +1 2,2
u,v) = 5| et +ize™, —e ie" 51 ¢ i—e’, —e’ —ie
Therefore f takes the form f(u,v) (u) + Jv2(v) where
1 2
= 5( —ze - _“—|—Eie“)

and
- 2 2
Yo (v) = -5 (e —l—lce ,e’ —|—zce )
are two hyperbolae in the null plane P = {1 — yo = 0,20 — y1 = 0}. We
therefore recover a special case of Theorem 23.

Example 9. In the definite case, since the metric (.,.)o is positive, there
exists an orthonormal basis of eigenvectors of M. So we may assume with-
out loss of generality that M = diag(\i, ..., A\n), where the A;s are real

constants. It follows that a point z of £ takes the form

iA1S iATLS)
)

(z1e
where Z?:l )\jx§ = ¢. We observe furthermore that £ is a properly im-
mersed submanifold if and only if all the coefficients A are rationally re-
lated. In this case we may assume without loss of generality that they
are integer numbers. This case is studied in [Lee, Wang (2009)]. Observe
moreover that ¢ cannot vanish (otherwise S reduces to the origin), so by
Theorem 8, £ is minimal if and only if tr M = 0. Example 8 above proves
that the situation is richer in the indefinite case, since there may not exist
an orthonormal basis of eigenvectors.

R~

5.5 Minimal Lagrangian submanifols in complex space
forms

In this section we study equivariant minimal Lagrangian surfaces in the
complex space forms CP, introduced in Chapter 4. The definite cases
CP"™ and CH" have been studied in [Castro, Montealegre, Urbano (1999)],
[Anciaux (2006)], [Castro, Li, Urbano (2006)] and [Haskins, Kapouleas
(2010)]. We shall see that the situation shares many features with that
of equivariant minimal hypersurfaces in space forms. In particular the pro-
blem is reduced to the study of certain curves in surface forms.
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5.5.1 Lagrangian and Legendrian submanifolds

In this section, we set Q := Q%Zjl for sake of brevity.

Definition 12. A n-dimensional submanifold £ of Q is said to be Le-
gendrian if it is integrable with respect to the hyperplane distribution
p (J2)4 e

T.LC (Jz)t, VzelL.
Example 10. The real space form Q;l = Q NR"™ is a Legendrian

submanifold of Q. More generally, if E is a Lagrangian subspace of C" ",
the quadric Q N F is Legendrian.

The next lemma shows that the properties of Legendrian submanifolds of Q
are similar to those of Lagrangian submanifolds of pseudo-Euclidean space:

Lemma 20. A Legendrian submanifold £ of Q is isotropic as a submanifold
of C" i.e. the symplectic form wyp, vanishes on L. Moreover, if L is non-
degenerate, the second fundamental form of L is horizontal, i.e.

h(X,Y) € (J2):, VX, Y € T.L.
Finally, the tensor T(X,Y, Z) := (h(X,Y), JZ)op is tri-symmetric.
Proof. Let X be a tangent vector field on a submanifold £. The Legendrian

assumption is equivalent to (X, Jz)e, = 0,Vz € L. Differentiating this
identity with respect to another tangent vector field Y yields

(Vy X, JzYop + (X, JY )2, = 0. (5.3)
Exchanging the roles of X and Y and subtracting, we get:
([X,Y], Jz)2p + 2(X,JY)a, = 0.

The vector field [X,Y] is tangent to £, so by the Legendrian condition
it belongs to (Jz)*. Since ([X,Y], Jz)s, vanishes, w,(Y,X) = (X, JY)a,
vanishes as well. Next we have, by the definition of the second fundamental
form and taking into account that Jz is normal to L:

(h(X,Y), J2)2p = (Vy X, J2)op. (5.4)

It then follows from Equation (5.3) that this expression vanishes, hence h
is horizontal. The proof of the fact that T is tri-symmetric follows exactly
the lines of the Lagrangian case and therefore is left to the reader. O
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We now introduce, in analogy with the Lagrangian angle of Lagrangian
submanifolds of Euclidean space, the Legendrian angle of a Legendrian
submanifold:

Definition 13. The Legendrian angle 5(z) of an oriented Legendrian sub-
manifold of Q is the argument of Q(z, X1, ..., X,), where (X1, ..., X,) is an
oriented basis of T.L. It is thus a map B : L — R /27Z.

Proposition 12. Let £ be a non-degenerate, Legendrian, oriented subma-
nifold of Q with Legendrian angle B and mean curvature vector H. Then
the following relation holds:

nH = JVS.

Proof. The proof is very similar to the corresponding formula for La-
grangian submanifolds of Euclidean space (Proposition 24): set a point
eo := z of L and let (eq,...,e,) be an oriented, orthonormal frame of £
defined in a neighbourhood of z. The Legendrian assumption and Lemma

Cc"t e,

20 imply that (eg, €1, ..., e) is a Hermitian frame of
[<<eja ek>>10]0§j7k§" = dlag(lv €150y Gn)-

Moreover, the second fundamental form is horizontal, so the mean curvature

vector as well, and we have

H e (J2)* NN.L = Span(Jex, ..., Jey,).
Hence the claimed formula is equivalent to
(nH, Jej)op = (JVB, Jej)2p, 1< <m,
ie.
(nH, Jej)op = df(e;).
Differentiating the identity e’ = Q(ey, ..., e,,) with respect to the vector €j,
we obtain

M=

idB(e;)e = Qeo, -, De, €y ooy €n)

el
Il
=]

2

= Qej,e1,...,en) + Z Q <eo, o Zel<<el, D, er))per, ...,en>
k=1

=0

Qeo, -, €k ((ek, De, €r))peks - €n)

€k<<€ka Dej €k>>Pelﬂa

Il
M- T1-

el
Il
—
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hence

idp(e;) Zek ek,Dejek»p.

k=1

Recalling that ((.,.))p = (., .)2p — iwp = (., .)2p — i(J.,.)2p, we have
<<ek7 Dej €k>>p = <ek7 Dejek>2p - i<J6k, DEJ‘ €k>2p

Differentiating the relation (ex,ex)2p = € in the direction e; yields
(e, De,er)2p = 0, so that, taking into account that Je; is a normal to
L, we get

((er, De,er))p = i{Jeg, Dejer)op = i(Jer, hiej, ex))2p

We conclude, using the tri-symmetry of T' = (h(.,.), J.)2p:

Zek Jej, h(ek, er))op = <Jej,nﬁ>2p
k=1 (]

The next theorem shows the importance of Legendrian submanifolds of
Q: there are a concrete way of studying Lagrangian submanifolds of CP:

Theorem 28. Let f : M — Q be a Legendrian immersion. Then m o f:
M — CPy is a Lagrangian immersion. Conversely, let f : M — CP} be a
Lagrangian immersion, M the universal covering of M, and 7 : M — M
the covering projection. Then there exists a Legendm'an immersion f
M — Q, such that 7o f = fo7 (we say that f is a Legendrian lift of

f). The lift f is unique up to a rotation by e Id of C"*. Finally, the
immersions f and f o @ of M have the same first fundamental and their
second fundamental forms hf and hy are related by the equation

dr(h;(X,Y)) = hy(X,Y), (5.5)
where X and Y are two vector fields tangent to L := f(M). Moreover,
dn(Hp(x)) = H(#(z)), Vo e M, (5.6)

where ﬁf and ﬁf denote the mean curvature vectors off and f respectively.

In particular, the immersion f is minimal if and only if the immersion f
is minimal as well, i.e. it has constant Legendrian angle.
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Example 11. Since an alternated two-form vanishes on a one-dimensional
space, a curve of a symplectic manifold of dimension 2 is always La-
grangian. Let v be a curve %S2 ~ CP' parametrized by ~(t) =
1 (sinep(t), cosp(t)e™?®), as in Section 3.3.4 of Chapter 3.

A Legendrian lift 4 = (v1,72) of v must satisfy (see Section 4.3.1 of the
previous chapter):

—[71|* + |12l = cosyp and  2y172 = sinee’?.
Hence it takes the form 7 = (sin(1/2)e®1, cos(1h/2)e'¥?), where o1 — o =
. Moreover the Legendrian assumption yields

0= (3, J7)0 = ¢} sin(1)/2) + ¢ cos® (1/2) = 0.
Combining this with ¢} — ¢, = ¢, we find

) = cos®(¥/2)¢" and @ = —sin’(y/2)¢’

If we assume furthermore that + has constant curvature, it is, up to rotation,
a horizontal circle: y(t) = & (cos g, sintpoe™), where 1y is a real constant
and a Legendrian lift of « is

3(8) = (sin(to/2)e" = ¥0/D", cos(yhg /2)e o/ 2)T),

Example 12. Analogously, given a curve ~y of %HQ ~ CH' parametrized
by 7(s) = %(cosht(t),sinh¢(t)e’?™®) (see Section 3.3.5 of Chapter 3), a
Legendrian lift 4 is a curve of dS® parametrized by

5(t) = (sinh(¢/2)e’ .ft(cosh2(w/2)w’)dt’ cosh(¢)/2)e .ft(sinh2(w/2)<p’)dt).

Remark 27. Even if f is an embedding, f is not necessarily so, and may
not be proper: in Example 11 above, the Legendrian curve 7 is closed if and
only if tan?(¢)y/2) is rationally related to 27. Otherwise, 7(R) is a dense
subset of the torus sin(1p/2) S* x cos(tpy/2) S* of S?.

Remark 28. One can define locally a Lagrangian function Sy on £ = f(M)
as follows: given a point x of M, there exists a neighbourhood of = of
the form 7(U), where U is an open subset of M and 7|y is one to one.
Then we set fy(z) = B(7~1(x)), Yo € 7(U), where 3 is the Legendrian
angle of £ = f (M). Observe that this angle is defined up to an additive
constant, since the lift £ of £ is defined up to a rotation by e I'd. However,
the gradient Vﬂf is well defined globally. Moreover from Equation (5.6)
and Theorem 12 the formula nH ¢y = JVp; holds. There is actually a
more general, but more abstract definition of the Lagrangian angle of a
Lagrangian submanifold in the general setting of Kéhler-Einstein manifolds
(see [Hélein, Romon (2002)]). Exercise 5 of Chapter 4 shows that the
complex space forms are Kahler-Einstein.
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Proof of Theorem 28. First observe that the Legendrian condition implies
that at a point z of £ the linear space dr(T.L) of Ty (-)CP) is n-dimensional.
It follows that £ = 7(L£) is a n-dimensional submanifold. Moreover, given
two vectors fields X and Y tangent to £, there exist locally two lifts X of
Y tangent to £, i.e. such that dr(X) = X and dr(Y) =Y. It follows from
the construction of the pseudo-Kéahler structure on (CIP’Z and from Lemma
20 that

@w(X,Y) =w,(X,Y) =0,

i.e. £ is Lagrangian.

Conversely, let x be a point of M. Tts image f(x) takes the form m(z),
where z is a point of Q. Hence locally one can construct a lift of f to Q. In
order to extend such a lift globally, we consider the universal covering M
of M and the canonical projection 7 : M — M. Hence we can construct a
global lift of f,i.e. amap f: M — Q such that 7o f = fo#. Of course the
immersion f is not necessarily Legendrian. Next introduce the one-form on
M defined by

(X)) = —(dfo(X), Jf(x))2p = —wp(dfu(X), f(z)), VX € TuM.

It is easy to see that the fact that £ is Lagrangian implies that « is closed:
given two tangent vector fields X and Y, we have

da(X,Y) = X(a(Y)) = Y (a(X)) + a([X,Y])
—X(wp(df (V). ) + Y (wp(df (X), ) + wp([df (X), df (V)] f)
—wp(d*f(X,Y), f) —wp(df (Y), df (X)
+wp(d® (Y, X), f) + wp(df (X),df (V)
= 2wp(df(X),df(Y))
=2w(df(dr(X),df(dr(Y))) =0
(we have used the fact that the second derivative d?f is bilinear and that

[df(X),df(Y)] is tangent to £, hence orthogonal to Jf). Hence, M being
simply connected, o admits a primitive 0. Setting f := €’ f, we have

df = id0e” f + e“df.

Therefore
(df(X),J fo)ap = dO(X) (e F, e [ap + (€ df(X), e T f)ap
= df + (df(X), I f)ap
= a(X) +wy(df(X), f)
=0,
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so L= f (M) is Legendrian. Any other primitive of a takes the form
6 +0p, and the resulting submanifold is e?0 £. Moreover 7(£) = 7o f(M) =
f(M) =L so fis alift of f as required.

Finally, given two vectors fields X and Y tangent to M, there exist
locally two lifts X of Y tangent to M, i.e. such that d7(X) = X and

d7(Y) =Y and we have
(df (X),df(Y))2p = G(df (X), df (V)),

proving that the first fundamental forms of f and f are equal.
Moreover, using Proposition 4.7 of Chapter 4, we obtain

drn(Dy X) = Vy X.

On the other hand, given a point z of £, we have dw(Tzﬁ) = Tr(-)L. These
two facts imply that

dr(h(X,Y)) = dr((Dy X)*)
= (VyX)*
= hy(X,Y).

From the definition of the mean curvature vector, and the fact that
the first fundamental forms of f and f are identical, it follows that
dr(Hp) = Hy. 0

5.5.2 Egquivariant Legendrian submanifolds in
odd-dimensional space forms

Consider again the action of SO(p,n+1—p) on C"** introduced in Section
5.4.2. Given a matrix M € SO(p,n + 1 — p), we have z ~ 2/ & Mz ~
M?'. Therefore the action of SO(p,n+ 1 —p) may be ”projected” on CP".
Moreover, since this action preserves the causal character, it induces an
action on CP}. It is easy to check that the orbit of a point z of Q%Zjl b

the SO(p,n + 1 — p) action is the Legendrian quadric
Q2= {zw e € QFy = Q3T NR™.

We leave to the reader the easy task of checking that this quadric is minimal
(and even totally geodesic). Hence the orbits of the corresponding action in
CPZ are the totally geodesic, Lagrangian submanifolds 71'(@;12). Following
the lines of Section 3.3 of Chapter 3, we introduce a subgroup of SO(p,n +
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1—p) (and therefore of SU(p,n+ 1 — p)) whose orbits (both in (@%Zjl and
in CP)) are (n — 1)-dimensional submanifolds:

SO(p,n —p) := {(AOI(D ’MGSO(pm—p)}-

The next theorem characterizes those Lagrangian and Legendrian subma-
nifolds which are invariant with respect to the action of SO(p,n — p).

Theorem 29. Let L be a Lagrangian submanifold in CP, which is
SO(p,n — p)-equivariant. Then its Legendrian lift L is SO(p,n — p)-
equivariant as well. Moreover, L may be locally parametrized by an im-
mersion of the form

fIxQpt - opt
(s,2) = (n(s)z,72(5)),
where 7 := (y1,72) : I — Qie,l is a Legendrian curve. In other words, 7
is a Legendrian curve of Qgﬁl =S ife=1 and of @3,1 = AdS® if e = —1.
Moreover, the Legendrian angle ofﬁ~ is given by
Bz =By + (n—1)argm,
where 85 denotes the Legendrian angle of 7.
Proof. The proof is similar to the one of Theorem 26 (Section 5.4.2):
First case: n = 2. Recall that the Hermitian form on C? is
<<.7 >>p = €61dz1dZ1 + €adzodZs + €3dz3dzs.
We set 11 := €1€5 and
0—-m0
M,=110 0],
000
so that
SO(2) = {eM* teR} and SO(1,1) = {eV1* t € R}.
A surface of Q‘;’p,l which is SO(2) or SO(1, 1)-equivariant may be locally
parametrized by an immersion of the form:

F(s,1) = ™' (21(5), 22(5), 23(5)),
where (21(s), 22(s), 23(s)) is some curve in ng We first compute the first
derivatives of the immersion:

Js = eMnt(Zia Zév ZQIS)

fi = GM"tMn(Zl,ZQ,Zg) = €M"t(—7722,21,0).
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Therefore the Legendrian condition yields:
0= <ft7 Jf>2p = —€1T]<22, iZ1> + €2<2’1, iZ2> = 262<21,i22>.

Thus, 21 and 2 have the same argument. In polar coordinates, z; = 1 e*?
and zy = r9€’. In order to complete the case n = 2, we need to consider
separately the definite and indefinite cases:

n = 1: The SO(2) case: Observe that the second coordinate of f is
za(s)cost + z1(s)sint = (ro(s)cost + r1(s)sint)e’?(). Clearly, for all
s € I, there exists t(s) such that ro(s)cost(s) + ri(s)sint(s) = 0,
hence the second coordinate of f vanishes at (s,t(s)). Setting v1(s) =
21(8) cost(s) — z2(s) sint(s), i.e. y1(s) is the first coordinate of f at (s, t(s)),
we see that f(s,t) = eMr(t=5() (4 (s),0,72(s)), where we set 7 (s) := 23(s).
Hence the immersion f(s,t) := eMnt(yy(s),0,72(s)) = (71 cost,y1 sint, y2)
parametrizes the same surface and we get the required parametrization of
our surface.

n = —1: The SO(1,1) case: We first observe that r; # re since other-
wise the immersion would be degenerate. If r; > ro, there exists (s)
such that ro(s)cosht(s) + r1(s)sinht(s) = 0, hence the second coor-
dinate of f vanishes at (s,t(s)). Similarly to the positive case, we set
~v(s) = ri(s)cosht(s) + ro(s)sinhi(s), and as before, we check that
f(s,t) = (71(s)cosht,v1(s)sinht, v2(s)), where we set va(s) = z3(s),
parametrizes the same surface than f. The argument is strictly analogous
if 11 < ro: we find ¢(s) in order to make the first coordinate vanish and find

f(s,t) = (71(s)sinh t, v, (s) cosh t, v2(s)).
In both cases, the fact that f is Legendrian (precisely the vanishing of
(fs, J f)2p) implies that 4 is Legendrian as well.

Second case: n > 3.

Let z be a point of £. We claim that there exists = € Qgﬁzl and
7 = (v1,72) € Q}_, such that z = (12, 72). To prove this, recall that the
(CTL+1

Hermitian form on is

n+1

(s )p = Z €jdzjdz;

and consider the two skew matrices M;; and My, with 1 < j,k,1 < n, and
Jj # k #1#j, defined by

Mje; = e, Mje = e€jee; and Mjyey, =0 for m # j,1
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and

Mklek = €y, Mklel = €r€€eL and Mklem =0 for m 75 k,l.

J\/Ijls MMS

The reader may check that the curves s — e and s — e
SO(p,n — p). Hence, given a point z in £, the two curves s — e
Mz belong to £ and the two vectors Mj;z and My, z are tangent to

L at z. Thus the Legendrian assumption yields

belong to
Mjis 5 and

St €

0= wp(Mjz, Miyz) = Re z;Im 2z, — Re ziIm ;.

Since this holds for any pair of indexes (7, k), it follows that (Re 21, ..., Re zy,)
and (Im 2y, ...,Im z,,) are collinear. Therefore there exists v; € C and = €
Z;l such that (z1, ..., z,) = 712. The equivariant assumption implies that
the quadric (71(@2;1, ~2), where we set 3 := 2,11, is contained in L. Hence
the latter, being n-dimensional, is locally foliated by a one-parameter family
of quadrics (*yl(s)(@zgl, ~2(s)), hence it is parametrized by an immersion of
the form f(s,z) = (71(s)x,v2(s)). The assumption f(s,z) € Q implies that
the curve 4 = (71,72) is contained in S? if € = 1 and in AdS?® if e = —1,
and the fact that f is Legendrian implies that v is Legendrian as well.

We now prove the second part of the theorem: let f be an immer-
sion as described in the statement of the theorem, x a point of QZ;I and
(e1,...,en—1) an oriented orthonormal basis of TQCQZ;l. Setting

Xj = ('ylej,O) and X, := (’71557’7&)7

it is easy to check that (Xi,...,X,) is a basis of T.L at the point z :=
(712,72). Then we calculate

(Xj, J2)2p = (71,im1)(ej, 2)p = 0,
(X, J2)2p = €{m1,i71) + (v2,i75) =0,

(we have used the fact that the curve v is Legendrian in the second line),
which shows that £ is Legendrian. Finally, its Legendrian angle is obtained
from the following computation:

ePr = Q(z, X1,..., X,)
= Q((’Yl%’h)(’h@la O)a ceey (’ylenfla 0)7 (71x77é))

=" det(e, ..., en1, ) (1175 — 1271)
-1 < —1_ips
=917 det(5,7) =1 O
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It turns out that it is not difficult to extend our study to those Legen-
drian submanifolds which are equivariant by the action of the subgroup of
SO(p,n+ 1 — p) defined as follows:

M 0
{( 0 N) ‘MG SO(p1,n1 —p1), N € SO(p2,n2 —p2)}7

where ny +n9 =n + 1 and p; + p2 = p.
Hence Theorem 29 is a particular case of the following one:

Theorem 30. Let £ be a Lagrangian submanifold in CP) which is
SO(p1,n1—p1) X SO(p2, n2 —p2)-equivariant with p1 +p2 = p and ny+ng =
n + 1. Then its Legendrian lift L is SO(p1,n1 — p1) X SO(p2,ne — pa)-
equivariant as well. Moreover, £ may be locally parametrized by an immer-
sion of the form

FrIxQuiexQpy— QR
(s,2,y) = (r1(s)x,72(5)y),
where 5 := (v1,72) is a Legendrian curve of @:115,1- In other words, v is

a Legendrian curve of S* if € = 1 and of dS® if € = —1. Moreover, the
Legendrian angle of L is given by

Bz = PB5 + (n1 —1)argy + (n2 — 1) arg e, (5.7)
where 35 denotes the Legendrian angle of 7.

Proof. The proof requires to consider a number of cases, depending whether
ny1 and ne are equal or greater than 3, but follows closely that of Theorem
29. The details are therefore left to the Reader. (]

5.5.3 Minimal equivariant Lagrangian submanifolds in
complex space forms

5.5.3.1 The minimal equation

Lemma 21. The immersion [ of Theorem 30 is minimal if and only if the
curve w(3) := 3(r,x1,22) of @%_671/4 is solution of the EDO:

TL1—1 TLQ—]. o
li—l—l/l(l_r 1—|—r)_0’ (5.8)

where v = (11, v2,v3) is a unit normal vector to v := w(¥) and k denotes
the curvature of v with respect to v.
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Proof. By Theorem 30, the immersion f is minimal if and only if 37 is
constant. The proof therefore consists of differentiating Equation (5.7) of
Theorem 30. In the following we set 3 := 35 and let s be the arc length
parameter on 4. Then it is also the arc length parameter of v := 7(%). The
proof is divided into several steps:

First step: k= %.
This is actually the one-dimensional version of the general formula (5.6) of
Theorem 28. To be more rigorous, observing that |y|?_. = |'[2_, = ¢, we

have on the one hand
V3 = ey

and on the other one

~ 1

Hy =éy",
so that, from the formula H = JV§ , we obtain 4" = 3'J3’. Projecting
this equation by dr, we get v = dn(3") = (#’j'. Therefore, by the Frénet
equation, and remembering that the metric on (@f_&l /4 1s definite, the
curvature of v with respect to the unit normal vector v = jv' is k = (.

Second step: (argy1) = %

Differentiate the identity v; = |y1]€?®%" to obtain
7 = (Il +ilnlargy) e e

Therefore (7;,iv1) = |y1|*(argy1)’, hence the claim. Of course, we have
(argy2)' = % as well.
Third step: 11 = 2€(y},im1) = —2(74,172), [n|? = L5 and |2 = 4.

Recall that v = jv = €2y x 4/, and (u x v,w)1— = det(u, v, w). We also
use the Legendrian assumption e{y{,iv1)+ (74, iv2) = 0. Hence we calculate
ev1 = (77,(1,0,0))1-c = 2det(y,7', (1,0,0))

= 2det(m172, (M72)")

= 2(iv192, 172 + M1 72)

= 20 * (v, i) + 2 * (35, i72)

= 2|72* (11, i) — 2 (75, i72)

= 2|2 * (01, i) + 2elm|* (71, i)

= 2(71,im1) = —2€(73,i72)-
|? ?

Finally we get the expression of |y1]* and |y2|* solving the system

{€|“71|2 + e? =1
—el >+ l? =
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Gathering all these facts and differentiating Equation (5.7), we get Equation
(5.8). O

We now show that, as in Chapter 3, Equation (3.6) enjoys a first integral;
due to the form of the equation, we look for a function of the form E(vy,~') =
E(r,v1) = v1 F(r), where F is some real-valued function. Therefore we have

d._ JdF(r) ., dF(r)
dSE—VlF(r)+V1r = =r'F(r)| —k+uviF(r) )

so, in view of Equation (3.6), F' must satisfy

d no—1 ny—1
— log(F = -
dr og(F(r) 1+7r 1—r

Hence a suitable choice for F is F(r) = (1 — )™ =11 4 r)n2— 1L,

5.5.3.2  Special solutions

As in Section 3.3.3, we first discuss the existence of special solutions of
Equation (5.8). Again, the case E = 0 implies the vanishing of 14 and
K, so the corresponding curve 7 is a geodesic and its Legendrian lift 7 as
well. It is then a simple exercise to check that the corresponding Legendrian
submanifold £ takes the form £ = QN E, where E is a Lagrangian subspace
of C""!. In particular £ is totally geodesic.

We look for other special solutions assuming that r = 7 is constant. An
easy computation shows that there is no such solution in the hyperbolic
case, and that 7 := ™22 is the unique one in the spherical case. The
corresponding curve y is the horizontal circle of height 7 as described in
Example 11. Observe that its Legendrian lift 7 is closed as well, since 1;5 i
rational (see Remark 27). We may actually give an explicit parametrization

of 4:
~ 2711 -1 j2n2—1, 2n2 -1 L Rk
t) = ETD Ly .
3(t) <\/ ¢ A ¢

5.5.3.3 The spherical case e =1

is

As in Section 3.3.4 of Chapter 3, we use spherical coordinates on S%:
1 1
v = 5(7‘, 21,292) = E(COS 1, sin cos @, sin Y sin ),

where ¢ € (0,7) and ¢ € R/27Z, and the orthonormal frame

e1 = (0,—singp,cosp) and ez = (—siny,cosy cosp,cosysing).
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In particular, 11 = sin cos#, so
E = cosfsiny F(cosv) = cosfe(v)),
where we set
e(1h) := siny F(costp) = 227 gin?m171(4)/2) cos®™2 71 (1) /2).
The projections of the solutions (v, ~’) on the plane (6, ) are of three types:

(i) the vertical segment ¢ = 0[r] with energy level E = 0;
(ii) the point (0[], 1b0), where by := arccos(“="2) = 2arccos(y/24=1).

Its energy level is Ey := e(¢p) and the corresponding curve « is a
horizontal circle;

(iii) a closed curve winding around the fixed point (0[r], o) and contained
in the open subset

{-7/2<0<7/2,0 <9 <7}

The solutions (i) and (ii) have been discussed in the section above. As in
Section 3.3.4 of Chapter 3, a solution of type (iii) gives rise to a closed curve
v is and only if the variation of the angle ¢ over a period T of the angle v,
i.e. the quantity ®(F) := fSS+T ¢'(0)do takes the form $27. Observe that
even if vy is closed, its Legendrian lift is not necessarily so, and therefore the
corresponding Legendrian submanifold L may not be properly immersed.
We claim however that if v is closed, then L is properly immersed. To
see this, consider two real numbers s; and so such that y(s1) = v(s2). It
follows that there exists a real § such that J(s;) = €*?7(s3). Therefore, for

all (z,y) € (@211;1 X ngil, we have

m(y1(s1)z,72(s1)y) = W(ew (71(82)%’72(82)@) = m(71(s2)x, v2(52)Y)-

Hence the one-parameter family of orbits 7(y; (s)Qzllgl, Yo (s)@?jil) closes

up if and only if y closes up. The next lemma shows that there is a countable
family of such curves.

Lemma 22. The variation of ¢ on a period of ¥, i.e. the number ®(E)
ranges a non-empty interval. Hence there is a countable family of closed
solutions of Equation (3.6). The other solutions are non properly immersed
curves.

Proof. The proof follows from the fact that limg_,o ®(E) # limg_, g, P(F).
Therefore the number ®(F) ranges at least the inverval bounded by these
two limits.
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Denote by ¢_(E) and ¥ (E) the extremal values taken by ¢ on an inte-
gral curve of energy level E, or, equivalently, the two roots of the equation
e(w) = FE. Observe that hmE—»Eo (. (E) = hmE—>Eg ’lﬂ+(E) = 1)g. By the
symmetry of the equation, we have

Yy 90'
#(B)=2 [ G =20 () + 0. (0))
where we set
o (4) = /% O and D4 () = /w+ O
T Jy siny G bo Sy
By the definition of e(¢)), we have
Vi [ o2 -2 4
Py (v4) =/ ( 5 W) _ 1) _¢
o \e(¥q) sin ¢
Setting h := ¥4 — 1y and making the change of variable ¥ = 1y + hx, we

get
Y (o + ha) 2 hds
Qi (Yy) = /o <7€2(¢0 ) - 1) 7sin(¢0 ymt

We introduce
F) = 5 (@1 — 1) cotlw/2) — (23 — 1) tan(/2)

so that €’(¢) = f(v)e(v)). Therefore, using the facts that f(¢p) = 0 and
e’ (V) = (f'(¥) + f2(¥))e(v), we calculate

" (1ho) = f'(vo)e(to) = —%n?_le

Hence we get the following Taylor expansion:
<e(w0 + hx))2 L (1 + 3 f (o) (ha)? + o(h2))2 .
e(tho + h) 1+ 5 f/(¢o)h? + o(h?)

= Sh* (1= a%) + o(h?).

(Yo) = —g€(¢o)~

On the other hand

V(2n1 —1)(2ny — 1)

sin(to + ha) = sin(yg) + o(h) = ~

+ o(h),

so finally

2n b de
@ (1) = ¢ e ol v CERROL
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which implies

2n
phm, BW4) = \/(2n1 “Dem-n"*

A similar computation shows that limy_ g, ®_(1_) = limy, .y, P4 (14)
so we get

M I I
lim ®(E) = o = 2.
A, ®(E) \/(2n1—1)(2n2—1) i \/2n1—1+2n2—1 i

In order to compute the limit of (1) at ;. — 7 (i.e. at E — 0), we
make the following change of variable: ¥ = m—hx, where we set h := m—1.

The inverse formula is z = % = % Hence we get
B () = /“1"0)/’1 (n—ha) 2 hdw
T e2(m —h) sin(m — hx)’
It follows that
T

hm @4_ ¢+

Analogously we show that

x\/x2”2 1_ 2n2 -1

™
i @4 (v xW oy — 1

We conclude that

1 1
lim ®(E) = or.
Jim, 2(E) (2n1—1+2n2—1> 4 =

Remark 29. Observe that if ny > 1 and ny > 1, then limg .o ®(E) <
limg_ g, ®(E) < 27, while the reverse inequalities hold if n; = 1 or np = 1.

5.5.3.4 The hyperbolic case e = —1

As in Section 3.3.5, we introduce "elliptic” coordinates on the hyperbolic
plane

1 1 ,
v = 5(7", 21,22) = 5(005h¢7smhwew)7

where 9 € (0,00),p € R/27Z. The curves projections of the curves (v,7’)
on the plane (6,1) have the same profile than those of Section 3.3.5, and
we obtain by a similar computation that the total variation of the angle
. Therefore the curves v are embedded, have two
unbounded ends, and are contained in an angular sector {po < ¢ < @o +
} of the hyperbolic plane.

s
n1—1
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5.5.3.5  Conclusion

Theorem 31. Let L be a connected, minimal Lagrangian of the complex
space form CPJ which is SO(p1,n1 —p1) X SO(p2, n2 — pa)-equivariant with
p1+p2 =p and ny +ne = n+ 1. Then its Legendrian lift L is congruent
to an open subset of one the following

(i) a totally geodesic Legendrian quadric, i.e. L =QnNE, where E is a
Lagrangian subspace of C™ 1. In particular L is totally geodesic;
(ii) the minimal Legendrian submanifold

ib? —ia? 2n+1 -1 -1
{(ae™tzbe"y) € Q5| (b y) € R x QI x @27}

where (a,b) := (\/%, ,/%) and e =1 or —1;

(iii) @ generalized Lagrangian catenoid
{nz.oy) € Q5| @y € QT x QT 7= (n,72) €T,
where I' = 4(R) is the image of a Legendrian curve 7 of @:13—6,1 whose
projection is a curve 7 = %(r,xl,xg) of Q%—e71/4' The curve vy, which

has curvature k with respect to the unit normal vector v = (v1, Vo, v3),
1s solution of the equation

/€+V1<n1_1—n2_1>=0. (5.8)

1—r 147

In the spherical case € = 1, this equation has a countable family of
closed solutions and the corresponding solutions are closed, complete
minimal Lagragian submanifolds. Moreover, if p = 0, i.e. in the case
of CP", these submanifolds are moreover compact. The other spherical
solutions of Equation (5.8) are not properly immersed in S? and their
images are dense in an open subset of S>.

In the hyperbolic case ¢ = —1, Fquation (5.8) has a one-parameter
family of solutions which are complete and embedded in dS®. Therefore

the corresponding minimal Lagrangian submanifolds are complete and
embedded in CP};.

5.6 Minimal Lagrangian surfaces in the tangent bundle
of a Riemannian surface

Consider a surface ¥ endowed with a positive metric g and an orienta-
tion. By Theorem 6 of Chapter 4, this provides a pseudo-Kéhler struc-
ture (3, 7,9, w), and therefore by the construction made in Section 4.4 of
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the previous chapter, the tangent bundle T'3 enjoys itself a pseudo-Kahler
structure (T, J, G,w). The purpose of this section is the local classification
of the minimal Lagrangian surfaces of (T'2,J, G,w). This is based on the
rank of projection map 7 : TY — X: if £ is a surface of TS (not necessarily
Lagrangian), then the rank of the restriction to £ of the projection 7 can be
zero, one or two, and is locally constant. The case of rank zero corresponds
to the trivial case of £ being a piece of a vertical fibre.

A simple example of Lagrangian surface of rank one is the mormal
bundle over a curve v of X, i.e. the set of its normal lines to the curve
~. More precisely, denoting by v(s) a unit normal vector to the curve
at the point 7(s), the normal bundle of v is the image of the immersion
f(s,t) = (v(s),tv(s)). One can slightly generalize the construction by con-
sidering affine lines, i.e. adding a translation term to the second factor of
the immersion: f(s,t) = (v(s), a(s)y'(s) + tv(s)), where a(s) is some real-
valued function. We shall see in the next section that the image of such an
immersion is Lagrangian. We call such a surface an affine normal bundle
over . Affine normal bundles and their higher dimensional equivalents
have been introduced in the flat case in [Harvey, Lawson (1982)], where
they were called degenerate projections.

Theorem 32. ([Anciauz, Guilfoyle, Romon (2009)]) Let L be a minimal
Lagrangian surface of (TY,J,G,w). Then

(i) either £ is an affine normal bundle over a geodesic on (3,g), or
(ii) (X, g) is flat.

Remark 30. If ¥ is flat, its universal covering is (R?, (.,.)o), so the uni-
versal covering of TS is TR? = R*. As explained in Section 4.4.5 of the
previous chapter, this is equivalent to ((CQ, J,{.,.)2,w1), whose minimal La-~
grangian surfaces have been characterized in Section 5.3 (Theorem 23).

The proof of Theorem 32 results from Propositions 13 and 14 dealing
with Lagrangian surfaces of rank one and two respectively, and whose proof
are given in the next sections.

5.6.1 Rank one Lagrangian surfaces

Proposition 13. A rank one Lagrangian surface L of (T%,J,G,w) is an
affine normal bundle over a curve v of 3. Moreover, L is minimal if and
only if the base curve v is a geodesic of (X, ¢).
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Proof. A surface £ of T'SY with rank one projection may be parametrized
locally by
f+ U — T3
(s,t) = (7(s), V (s, 1)),

where v(s) is a regular curve in ¥ and V(s,t) some tangent vector to ¥
at the point ~y(s). Without loss of generality, we may assume that s is
the arc length parameter of v. Writing V' = av’ + bv and using the Frénet
equation 7" = kv, where x denotes the curvature of v, we compute the first
derivatives of the immersion (here and in the following, a letter in subscript
denotes partial differentiation with respect to the corresponding variable).
Using the direct sum notation:

fS = (7/7 (a‘S - K:b)’}/ + (b‘? + /QCL)Z/),

ft = (0, aw' + btl/).
If the immersion is Lagrangian, the following must vanish:

w(fsa ft) - _g(’yla at’Yl + ti) = —Qy¢.
It follows that a must be a function of s. Then we see that for fixed s, the
map t — (y(s),a(s)y'(s) +b(s,t)r(s)) parametrizes a line segment ruled by
v(s) in T (43, which may be reparametrized by
t = (v(s), a(s)'(s) + tw(s)).
We have thus proved the first part of Proposition 13.

We compute easily that fs = (7', (@’ — kt)y' + akv) and f; = (0,v). We
also observe that the vector field f; depends only on the variable s, thus it
can be extended to a global vector field which is projectable. It follows that
we can use Lemma 15 of Chapter 4 (Section 4.4.3) in order to compute the
following:

Dfsft:(O,y’):(O,—nv’), foft:(ovo)
We recall that by Lemma 16 (Section 5.2), the second fundamental form of
f is described by the tri-symmetric tensor
T(X,Y,Z) = G(h(X,Y),]Z) = w(X, Dy Z),

which has four independent components 7Tj;,. We calculate, using
Lemma 12:

T2 = w(fs, Dy, fr) = w((?/, (¢' = Kkt)Y + arjy’), (0, —KY")) = K,

T122:w(f87thft):0 T222:W(ftantft):Ov

(as will become clear in a moment, we do not need the expression of T711).
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It remains to compute the induced metric, which is given in the coordi-
nates (s,t) by

Gll = —2&/%, Glg =—1 and GQQ =0.

We are now in a position to get the expression of the mean curvature vector:

Gl 1f,) = TR TR e

and

G(2d,1f,) = T112Goo + ngziy — 2T190G12 —o.

It follows that
2H = kJf; = (0, kv)

so that £ is minimal if and only if x vanishes, i.e. v is a geodesic. O

5.6.2 Rank two Lagrangian surfaces

Proposition 14. A rank two Lagrangian surface L of (T2,],G,w) is the
graph of the gradient of a real function u on (¥, g):

L:={(z,Vu(z)),z € L} C TX.
Moreover, if L is minimal then g is flat (i.e. its Gaussian curvature va-

nishes).

Proof. A rank two surface is nothing but the graph of a vector field V (z)
of ¥ and thus is the image of the immersion f(z) = (z,V(z)). By Theorem
6 of Chapter 2, we know that there exist local coordinates (s,t) on (3, g)
which are isothermic, i.e. g(s,t) = €2"(ds? + dt?), where r(s,t) is a real
function. Moreover, we have

jos =0¢ and jO; = —0s.
Writing V' (s,t) = P(s,t)0s+Q(s, t)0, the first derivatives of the immersion

are:
fS = (asa (PS + Prs + Qrt)as + (Qs - P'f’t + Qrs)at),
ft = (8ta (Pt + Prt - Qrs)as + (Qt + P’/’s + Qrt)at),
so that

w(vaft) = g((Qs — Pry + QTS)atvat) - g(asv (Pt + Pry — QTS)as)
= e2T(QS +2Qrs — P, — 2Pry).
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Thus the Lagrangian condition is equivalent to (Pe?"); = (Qe?")s, so that
there exists locally a real function u on ¥ such that Pe?” = u, and Qe?" =
uy; in other words, the vector field V' is the gradient of u, and we have the
first part of Proposition 14.

Next a parametrization of L is
f: % — T
(5,t) = (2(s,t), e 2" (us0s + usOy)).
We recall from Remark 19 of the previous chapter, the following formulae:
Vo,0s = rs0s — 110,
Vo,0s = Vg,0t = 1105 + 7504,
Vo0t = —150s + 140 .
It follows that
fs = (95, Vo, Vu)
= (05,672 ((uss — 27sus) 05 + sV, 05 + (Usg — 2r5us)0s + 1V, 01))
= (D5, €72 (Uss — Tsts + 14Uz ) D5 + €2 (Ugp — 75ty — 75 )Oy).
Analogously
fe = (0, €72 (gt — Tsty — reus) s + €72 (Ugy — Tous + s )Oy).
Denoting for simplicity
fs == (0s,a0s + boy) fe:= (0, b0s + cOy),
the induced metric is given by
Cu = w(Tfs, £s) = g(i(ad, + b3;), d,) — 9§y, ady + bdy) = —2be,
Giz = w(Ifs, f1) = 9(j(ads + bDy), 0;) — g(jOs, bDs + cdy) = (a — ¢)e?",
Gz = w(Ifs, fi) = 9§ (b0s + cBr), 0r) — g0y, bOs + cOr) = 2be™".

Moreover, the vector fields fs and f; admit extensions on 7’3 which are pro-
jectable, to that we can use Lemma 15 of Chapter 4 (Section 4.4.3), to get

UDy, fs = rs0s — 110y,
KDy, fs = (as + ars + bry)0s + (bs — are + brs)0; + use*"jR(s, 0;)0s,
Dy, fy = r40s + 1404,
KDy, fr = (bs + brs +cry)0s + (¢s — bry + crs )0y,

n ( — R(8s,0,)Vu + use 2" iR (D, 8,0, + wee 2" jR(Ds, at)as) :
1Dy, fy = —rs0s 4 104,
KDy, fr = (be +bry — crg)0s + (et + brs +¢4)0r — ute*%jR(at, 0s)0 .
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This allows us to calculate the components of the tensor 7'

T =T (fs, fss fs) = w(fs: Dy, f5)
= g(ads + b0y, 105 — 1:0;)
— 9(0s, (as + ars + bry)s) — use>"g(ds, jR(s, 0;)0s)
=¥ (ars — bry — (as + ars + bry)) + use 2"g(0y, R(s, 0;)0s)
= ¥ (—as — 2br; + u K).

and similarly! with the other coefficients of 7. Consequently

T111Gog + T120G11 — 2711262

G(2Er7st) = det G
_ 126(Th1y — Thze) — 2(a — ¢)Thnz
2 —e?r (462 4 (a — ¢)?)
~ 2b((a—c¢)s +4br) +2(a — c)(—bs + (a — c)ry))
B 4b2 + (@ — ¢)?

_ (a —¢)s(2b) — (a — ¢)2bs
@02+ (a —
= (arg(2b+i(a — ¢))s + 274 .

+ 27’,5

A similar computation yields
G(2H,Jf:) = (arg(a — ¢) + 2ib)); — 2r,
and hence the vanishing of H implies

(arg(c —a + 2ib))s — 2ry = 0,
(arg(c — a + 2ib)); + 2rs = 0.

Differentiating the first equation with respect to the variable ¢, and the
second equation with respect to the variable s yields Ar = 0, which im-

plies that 3 has vanishing curvature and concludes the proof of Proposi-

tion 14.

5.7 Exercises

(1) Show that a non-degenerate complex submanifold of a pseudo-Kéahler
manifold is not only minimal, but austere (see Exercise 2, Chapter 1).

1 Note that coefficients T112 and T122 can be computed by two different methods, yield-

ing two seemingly different expressions.
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Let f: L — (@%Zgl be a Legendrian immersion and v € C a planar,
regular curve such that v # 0. Prove that the map g defined on I x £
by g(s,z) = v(s)f(z) is a Lagrangian immersion in C". Denoting by 5
the Lagrangian angle of f and by 3, the Legendrian angle of g, prove
that

Br = By +arg(y'y" ).

Deduce that f is minimal if and only if g is minimal and ~ is such that
arg(y'y" 1) is constant. This generalizes the construction of Section
(5.4.2) (see also [Ros, Urbano (1998)]).

Let S be a non-degenerate, orientable hypersurface of (@Zjl and let

N (z) denote its unit normal field. Set € := [N|2 and
L:={z=cosfz+isind N(z)|zeS,0€eR}C Qg;}jl
ife=1and
L:={z=coshfz+isinhd N(z)|x € S,0 e R} C @3;}1

if e = —1. Show that £ is a Legendrian submanifold Qg;ﬁl. Prove that
L is minimal if and only if S is austere (see Exercise 2 of Chapter 1).
This is a generalization of a construction made in [Borrelli, Gorodski
(2004)].
A cone of pseudo-Euclidean space R™ is submanifold C made of half
straight lines passing through the origin. In other words, V(z,\) €
C x (0,00), A.z € C. Observe that the intersection of a cone with the
quadric Q' ! (sometimes called the link of C) is a submanifold of
;’ffl. Prove that the link £ := CnN Qg;jl of a cone C of C"*! is
Legendrian if and only if C is Lagrangian with respect to w,. Moreover,
denoting by f¢ and [, the Lagrangian angle of C and the Legendrian
angle of £ respectively, we have

Be(A\x) = Be(x), V(z,A) € L x (0,00).

In particular, a Lagrangian cone of (C™*' ((.,.)),) is minimal if and
only if its link is minimal.

A non-degenerate submanifold S of a pseudo-Riemannian manifold
(M, g) is said to be marginally trapped if its mean curvature vector
is null. This thus a generalization of the notion of minimal submani-
fold. Prove that a marginally trapped hypersurface must be minimal.
Hence the notion of marginally trapped submanifold is relevant only in
higher co-dimension.
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(6) Using the computation of Section 5.4.2, prove that a marginally
trapped, SO(p,n — p)-equivariant Lagrangian submanifold of
(C™,((.,.))p) must be minimal. Consider the Lagrangian immersion
f of Exercise 2 and give a condition on g and v equivalent to the fact
that f is marginally trapped.

(7) Show that the rank one Lagrangian surfaces of T described in Section
5.5.1 are marginally trapped.



Chapter 6

Minimizing properties of minimal
submanifolds

In the previous chapters, we have described a great variety of minimal sub-
manifolds. On the other hand, recall from our discussion of Chapter 1 that
minimality is the first order condition for a submanifold to be a minimizer
or a maximizer of the volume. In this last chapter, we shall address the
question of whether or not a minimal submanifold is an extremum of the
volume. After describing in the first section some classes of minimal sub-
manifolds that do extremize the volume, we shall see in the second section
that a necessary condition for this to happen is that the induced metric of
both the tangent and normal bundles is definite.

6.1 Minimizing submanifolds and calibrations

Definition 14. Let S and &’ be two submanifolds of a pseudo-Riemannian
manifold (M, g). We shall write S ~ &’ if § and &’ have the same causal
character and 0S = 9S’.

Definition 15. Let & be non-degenerate submanifold of a pseudo-
Riemannian manifold (M, g). Then S is said to be volume minimizing (resp.
volume mazimizing) if, for each relatively compact open subset U of S,

Vol(U) < Vol(U'), (resp. Vol(U) > Vol(U')), YU~U".

6.1.1 Hypersurfaces in pseudo-Fuclidean space

In this section, we consider the space R"™ = R™ @ R endowed with the
metric

(op =(op + 67er1dxi+1

151
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and a hypersurface S of R""' = R™ & R which is a graph with respect to
the coordinate hyperplane {z,4+1 = 0}, i.e. S takes the form

S :={(z,u(z)) € Rn+1|($1, vy Zn) €Up},

where Up is an open subset of R"™ and u is smooth, real function on Uy.
There is no loss of generality in assuming that €,41 = 1 and we shall do

1/2

so from now on. We introduce the function W (z) := ||Vu(a:)|12) +1[7" and

the following vector field of Uy x R:

X(x, xny1) = %(Vu(w), —-1).

Lemma 23. The restriction of X to S is a unit normal vector field. More-
over, the formula

nH = —divX
holds on S. In particular, S is minimal if and only if X is divergence free
(i.e. divX =0).
Proof. A parametrization of S being

f:Uy— R™!

z = (z,u(z)),

a basis of tangent vector is
ffci - (eivuri)aVia 1 S ] S n,
where (ey, ..., e,) denotes the canonical basis of R"™. We claim that £ :=
(Vu, —1) is normal to S. This follows from the fact that
<fwm£>p’ = <V’LL, ei>P — Uy, =0,

according to the definition of the gradient. Since |§|§, = |Vul2 + 1, we
obtain the first assertion of the lemma: X := %5 is a unit normal vector
to S.

We now proceed to calculate the mean curvature of S, starting with its
first and second fundamental forms: setting as usual €; := |e;|2, we have

Gij = €i0ij + Uz, Uy, -
A simple computation shows that
y €€
1y J
g J = Gi(Sjk - Wu%u%

On the other hand, we have

fwia:j = (Oauwia:j)v
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so the coefficients of the second fundamental form with respect to N are

1
hij = _Wuwﬂj'
It follows that
n
nH = — Z g”hij
i,j=1
1 n 1 n
= —— Zeiuwim + 3 Z €i€jUg, Up; Up;z;

w 1=1 w 3,j=1

n
Z ( eJu —l—l)ugﬂm—i—eju%uw]u%%).

On the other hand, taking into account that X does not depend on the
variable x,1, we have the following expression for its divergence:

divX = ei(Ve, X, ei)yp
i=1
S e
- =1 1({9%@
_ i € <uajzw1 u$1 $1)
= : e
=1 w
1 n
=73 Z €; ( eJu + Dug,w;, — ejumuggjumwj) .
3,j=1
Therefore the equation nH = —divX holds as claimed. O

Remark 31. From these calculations we deduce that the PDE satisfied by
a minimal graph is:

n

2 _
E € ((ejuwj + Dug,w;, — ejumuggjumwj) =0.

ij=1
This generalizes both Equations (2.2) and (2.6) of Chapter 2.

Theorem 33. Let S be a non-degenerate minimal graph of pseudo-
Euclidean space (R™, (.. .),) with definite induced metric (so in particular
(., )p s Riemannian or Lorentzian). Then S is volume minimizing if (., .)p
is Riemannian and volume mazimizing if (.,.)p is Lorentzian.
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Remark 32. In the Lorentzian case, a hyperplane with definite metric
is never vertical. It follows that a connected hypersurface with definite
metric is always a graph. Therefore the result above can be stated as
follows: a spacelike minimal hypersurface of Minkowski space is volume
maximizing. This is why such surfaces are usually called mazimal. Locally,
a hypersurface is always a graph on its tangent plane. Therefore, the result
above implies that in the Euclidean case a minimal hypersurface is always
volume minimizing for local variations.

Proof of Theorem 33. There is no loss of generality in assuming that S is a
graph with respect to the hyperplane {z,+; = 0}. Let U be a open subset
of § and U’ ~ U. We use the divergence theorem (Theorem 2, Chapter 1),
with the vector field X, denoting by 7 the open subset of R™™! whose
boundary is 97 = U — U’. Hence by Lemma 23, we have

0= / divXdV = e / (X, N)pdV — e / (X, N),dV,
T U /

where N denotes the outward unit normal vector of 97 and € := |N |§,
(since U and U’ have the same causal character, € is constant on U — U’).
Moreover, since X = N on S and does not depend on the variable x,,1,
| X |, = € along U’ as well.

If the metric (., ), is definite, XT and N have the same causal character,
so there exists, locally, an R /27Z-valued map 6 and a unit tangent vector
field eg on U’ such that

X =cosfON +sinfep.
It follows that

Vol(U):/UdV:/UdX,N)p/dV

:/ e(X,N>p/dV:/ cos0dV < Vol(U'),

i.e. § is volume minimizing.

If the metric (.,.),s is indefinite, X7 and N have opposite causal cha-
racters, so there exists, locally, a real map 6 and a unit tangent vector field
eo on S’ such that

X = cosh N + sinh 6 e,

and we have

Vol(U):/Udvz/Ue<X,N>p,dv

= // e(X,N)pdV = g cosh0dV > Vol(U'),
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hence S is volume maximizing. O

Remark 33. In the Riemannian case p’ = 0, we could have used as well the
Cauchy-Schwartz inequality (X, N)o < |X|o|/N|o < 1 to get the conclusion.

6.1.2 Complex submanifolds in pseudo-Kdhler
manifolds

The following result is the generalization to the pseudo-Riemannian case
of the well known fact that complex submanifolds of Kahler manifolds are
calibrated (see [Harvey, Lawson (1982)],[Harvey (1990)]). The fundamental
inequality appearing in the proof is called Wirtinger’s inequality.

Theorem 34. Let S be a complex submanifold of a pseudo-Kdhler mani-
fold (M, J, g,w) such that the induced metric on both tangent and normal
bundles is definite. Then if g is definite (resp. indefinite) S is volume mi-
nimizing (resp. maximizing).

Proof. Assume without loss of generality that the induced metric on T'S is
positive. Let U be a relatively compact open subset of S and U’ ~ U. In
particular, U’ is non-degenerate and the induced metric on TU’ is positive.
At a given point z of U’, introduce the linear map
JT U — T,U
X = JX)T.
It is skew-symmetric with respect to g, since
g((JX)1,Y) = g(JX,Y) = w(X,Y) = —w(Y,X) = —((JY) ", X).
Denoting by 2k the dimension of U, there exists an orthonormal basis
(€1, ..., eax) such that the matrix of J takes the following form
0 AM... 0 O
-2 0... 0 O

0 0 .. 0 X\
0 0..=X O
where the coefficients \;, 1 < i < k, are positive. Hence (Jeg;_1)" = \;eq;
and
1 =g(ezi—1,e2-1) = g(Jeai—1, Jeai 1)
=g((Jezi—1) ", (Jeaim1) ") + g((Jeaim1)®, (Jezi—1) ")
= + g((Jeaim1)*, (Jeai—1)™b)
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If the metric on the normal bundle of U’ is negative, g((Jesi_1)",
(Jea;i—1)t) < 0 is negative, so \; > 1. We deduce that

wk(el, ...,€2k) - Hf':lw(egi_l, 621‘) = H;C:l/\i Z 1= dV(el, ceey egk).

Since w* and dV have maximal degree 2k, we get the (generalized)

Wirtinger inequality: w® > dV. Moreover, equality occurs if and only if
all coefficients \;s are equal to 1. By the computation above this implies
that g((.]egi_l){ (J€2/L'_1)l) Vanishes, ie. Jeg;_1 € TTU/ Since this holds
vi,1 <1 < k, the tangent plane T, U’ is complex.

Finally, using the fact that dw® = kdw A w*~' = 0 and Stokes theorem,
we obtain

Vol(U’):/,dV:/lwk:/kaZ/SdV:Vol(S),

with equality if and only if S’ is a complex submanifold. In the language of
[Harvey, Lawson (1982)], w* is a calibration, whose calibrated submanifolds
are the 2k-dimensional complex submanifolds with definite tangent and
normal bundles.

We conclude that a complex submanifold such that the induced metric
on the tangent (resp. normal) bundle is positive (resp. negative) is volume
maximizing. If the normal bundle is positive instead of negative, all the
inequalities are reversed (in particular the \;s are less than 1) and we deduce
that the complex submanifolds of pseudo-Kéhler manifolds with definite
metric are volume minimizing. U

6.1.3 Minimal Lagrangian submanifolds in complex
pseudo-FEuclidean space

Theorem 35 ([Harvey, Lawson (1982)]). Let £ be a minimal La-
grangian submanifold of (C",{{.,.))0). Then L is volume minimizing.

Proof. We have seen in Chapter 5, Theorem 24, that the Lagrangian angle
of a minimal Lagrangian submanifold £ of (C", ({.,.))o) is constant. Let us
denote by 3y this constant and introduce the n-form on C" defined by

O :=Re (e Q) = Re (e*wo(dzl A Ndzy)).

We claim that © is a calibration, i.e. it is closed and © < dV, with
equality if and only if © is evaluated on a Lagrangian subspace with La-
grangian angle . To see it is sufficient to prove that ©(f1,..., fn) < 1,
where (f1,..., fn) is an orthonormal family, with equality if and only if
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Bo(f1, -, fn) = Bo. For this purpose we introduce the complex-valued ma-
trix M := [{(f}, ex))oli<j k<n, Where (e1, ..., €,) is the canonical basis of C".
In particular, ReM = [<fj7€k>0]1§j,k§n and ImM = [<fj7']€k>0]1§j,k§n-
From the fact that

fj:Z(<fJ,ek>oek+<fJ,J€k oJek) Z (fisex))oex
k=1 k=1
we have

(Of1, s f))? QU1 woes f) [P

= | det M |?
C
_ det Re M Im M
—ImM ReM

< Hn 1|fJ|0|Jf]|O =L
where we have used Hadamard’s inequality for matrices in the last inequal-

ity (see [Harvey (1990)]). Moreover, equality occurs if and only

Re M Im M
9(f177fn)_Q(f177fn) and dﬂ§t<—ImM RQM)‘ _]‘

The second equality holds if and only if the family (f1, ..., fn, Jf1, .., J fn)
is orthonormal, which is equivalent to the fact that the family (f1,..., fn)
spans a Lagrangian subspace. The first equality is equivalent to the fact
that ©(f1,..., fn) = ReQ(f1,..., fn), i.e. argQ(f1,..., fn) = Bo, so finally,
O(f1,..., fn) = 1 if and only if Span(fi,..., fn) is a Lagrangian subspace
with Lagrangian angle (.

To conclude the proof, observe that since © has constant coefficients,
it is closed, so we may use Stokes theorem as follows: given a relatively
compact open subset U of £ and U’ ~ U, we have

Vol(U):/UdV:/U@:/,@g//dV:Vol(U’). O

Remark 34. This result no longer holds true if the metric is indefinite, as
proves the following counter-example': consider the case of (C2,((.,.))1)
and X; = (1,ic), Xo = (ic™!, 1), where c is a non-vanishing, real constant.
Hence (X1, X2)=2, while dV (X1, X2)=c"2(c?—1), which can be set arbi-
trarily close to zero by letting ¢ tend to 1. Observe that the span of (X7, X5)
is never Lagrangian, unless ¢ = 1, in which case it becomes degenerate. The
next theorem says that the inequality |Q| < dV holds in the indefinite case
if we restrict ourselves to Lagrangian non-degenerate subspaces.

1This is also a counter-example showing that Hadamard inequality no longer holds for
an indefinite metric.
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Remark 35. Theorem 35 may be extended to a certain class of Kahler
manifolds, called Calabi- Yau manifolds. Roughly speaking, a Calabi-Yau
manifold is a Kéhler manifold where it is possible to define globally a holo-
morphic n-form playing the réle of 2. Minimal Lagrangian submanifolds of
Calabi-Yau manifolds are usually called special Lagrangian manifolds.

Theorem 36. Let £ be a minimal Lagrangian submanifold of (C", ({.,.))p)-
Then L is volume minimizing with respect to Lagrangian variations, i.e. for
each relatively compact open subset U of L,

Vol(U) < Vol(U"), YU’ ~ U, U Lagrangian.

Proof. As in the Theorem 35, the proof is based on the fact that the
Lagrangian angle of £ is equal to a constant [y and the analysis of the
behaviour of the n-form ©. We claim that if Xi,...,X,, are n vectors
spanning a non-degenerate Lagrangian subspace, then ©(Xq,...,X,) <
dV(Xy,...,X,), with equality if and only if 8(X1,...,X,,) = Bo. We have
Q(X1, ..., Xpn) = detc M, with M = [((X;, ex))p|1<j,k<n. On the other hand,
by the Lagrangian assumption, we have
(X5, Xidp = (X5, Xed)p = Y a{(Xs e0))p (X €1))p-
1=1

Therefore
AV (X1, .y Xn) = |det([(X;, Xi)pli<jnzn)
= |det(MI,M*)|'/* = | det M|,

where M* denotes the Hermitian adjoint of M and I, stands for the diag-
onal matrix diag(ey, ..., €,). It follows that

O(X1, .0 X)) < QX1 ey Xin)| = \dgt M| =dV(X1,...., Xn),
and of course equality holds if and only if B(Xi,...X,) =

arg(Q(Xy,...,Xn)) = Bo. The conclusion of the proof follows exactly the
lines of that of Theorem 35. g

6.2 Non-minimizing submanifolds

We may observe that all the extremizing submanifolds discussed in the
previous section (with the exception of the rather special case of Theorem
36) share a common property: the induced metric of both their tangent
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and normal bundles is definite. The next theorem shows that this property
is actually a necessary condition:

Theorem 37. A minimal submanifold of a pseudo-Riemannian manifold
such that its tangent or its normal bundle is indefinite is unstable.

Remark 36. This result is a slight generalization of Theorem A of [Dong
(2009)].

Remark 37. The condition that the tangent or the normal bundle of a
minimal submanifold is indefinite is necessary but not sufficient. For ex-
ample, many minimal submanifolds in Riemannian manifolds are unstable
(e.g. the totally geodesic spheres of (S™, (., .)0)).

We have seen in Chapter 5 (Lemma 16) that the induced metric of a La-
grangian submanifold of an indefinite pseudo-K&hler manifold is itself in-
definite. Hence Theorem 37 implies in particular:

Corollary 9. A minimal Lagrangian submanifold of a pseudo-Kdhler ma-
nifold with indefinite metric is unstable.

Proof of Theorem 37. Choose an open subset U of S which is small enough
to enjoy a system of coordinates (z1,...,z,) and a normal vector field &
whose compact support is contained in U and which does not change causal
character (it is either positive or negative). Consider the family of variations
S induced by the normal vector fields X := sin(kz1)&, k € N; we have seen
in Chapter 1, Section 1.3 that the second variation formula is

d2

E VOl(St)

- /U (9(VEX, V- X) - g(Ax, Ax) + g(R*(X), X)) dV.
t=0

Observe that

—9(Ax, Ax) + g(RH(X), X) = sin® (k1) ( — g(A¢, A¢) + g(RT(€).€)),

so there is a constant C' independent of k such that

/S(—Q(AX,AX)—Fg(Rl(X),X)) dv] < C.
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On the other hand,

g(VEX,VEX) = 3 ¢g(VE X,V X)

i,j=1
= 9" (K2 cos? (ka1)g (€, €) + 2k cos(ka) sin(k€1)g (&, V3, €)

+sin (ka1 )g(Vh €, V5, €))

+ 2sin(k&q) Z gt (k cos(kxy)g(§, Viif)

=2

+ Sin(kfl)g(vé_ml 3 Vé‘” 5))

+ sin? (k) Z gijQ(Vf)‘” 3 Vij £)-

i,j=2
It follows that

d2
VOIS g~ 1 [ g o a(eav]| < ks +
U

where C; and Cs are two real constants not depending on k. Moreover,
since U is compact and g'lg(&, €) is smooth on U,

1
dm [ gt eostkeg(e. 00V = 3 [ o"ate. v

Therefore, for k large enough, the second variation has the sign of g'1g(¢, €)
(which is constant on U). If the tangent bundle of S has indefinite metric,
by re-labeling the coordinates, we may choose x; in such a way that 0.,
is either a positive or a negative vector field, so that g'! is either positive
or negative. Analogously, if the normal bundle has indefinite metric, we
can choose ¢ to be either positive and negative. In both cases, we can let
g'1g(€,€) to be positive or negative, which proves the claim. O
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Minimal Submanifolds
In Pseudo-Riemannian Geometry

Since the foundational work of Lagrange on the differential
equation to be satisfied by a minimal surface of the Euclidean space,
the theory of minimal submanifolds has undergone considerable
developments, involving techniques from related areas, such as the
analysis of partial differential equations and complex analysis.
On the other hand, the relativity theory has led to the study of
pseudo-Riemannian manifolds, which turns out to be the most
general framework for the study of minimal submanifolds. However,
most of the recent books on the subject still present the theory only
in the Riemannian case.

For the first time, this book provides a self-contained and
accessible introduction to the subject in the general setting of
pseudo-Riemannian geometry, only assuming from the reader some
basic knowledge about manifold theory. Several classical results,
such as the Weierstrass representation formula for minimal
surfaces, and the minimizing properties of complex submanifolds,
are presented in full generality without sacrificing the clarity of
exposition. Finally, a number of very recent results on the subject,
including the classification of equivariant minimal hypersurfaces in
pseudo-Riemannian space forms and the characterization of minimal
Lagrangian surfaces in some pseudo-K&hler manifolds are given.
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